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Motivation g "“‘\
* Why HDG-approach? |

o Allows detailed geometrical description of the wall

o Grid flexibility

o High order, p-adaptivity

o Highly parallelizable
o Cheaper than standard implicit FEM

* Drawbacks HDG-approach?
o High order = badly conditioned matrices
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2D Interchange model

* Targeted first model
om+V-(n(lug —T.K)— D, V,yn)=5,
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2D Interchange model

* Targeted first model
om+V-(nlug —T.K)-D,Vin)=_85,
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— set of coupled advection-diffusion-reaction equations for U = {U,...,U5}* = {n,ny, pe, p;, W}*

OU +V-(C(U)+K(U)q)=8SU), q+V,U=0
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Solution with HDG approach

* Implementation: models & operators
Model: build matrix contributions at the element level
Operator: construct contributions from individual terms in the model
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Flexibility to implement different models and discretization options

uq
qaq

SN

S

g+ Vu=20
trace eq.

>
O = @ = =@ O = D == =Q

O = @ = =0

KU LEUVEN




Breakdown Into operators

* Diffusion operator: implicit

- k11(U) k(U)o Kiaeq(U) 9
KU)q =

_fsnEq,l(U) knEq2(U) ... ﬁ'anq,nEq(U)_ | dnEq_

 For the 2D interchange model, with U = {U, ..., U5} = {n,nn, pe, pi, W}*

[ D 0 0 0 0
U U
0 Ul(Kc;—I—K@‘) 0 Ul(ch+Ki) 0
K(U) = %USDJ_ 0 XL,eU1 0 0
sU4D | 0 0 X1,iU1 0
0 0 0 0 "

= time lagging for the diffusion matrix: evaluate at U™
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Breakdown Into operators

* Advection operator: explicit, upwind

Uivi
C(U) =

_UnEanEq_

* Reaction (implicit, time-lagging) and source (explicit) operators

T RiA(U)  Ris(U) ... RiapgU) 1 [U; ]
SU)=| ...
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Simple advection-diffusion-reaction model

* Single advection-diffusion-reaction equation with linear analytical solution © = 0.1z 4 0.2y 4+ 0.3

oiu+ V- (uv — DVu)=5—Ru on
u = U|aq on 0f2

Solenoidal velocity field v = {—0.2, 0.1}T; constant, isotropic diffusion tensor D
Source chosen to have constant RE and S = Ru

* N coupled equations, linear analytical solutions u; = u

Ou; + V- | u;v — Z Di,jV’LLJ’ =5, — Z Ri’j’LLj on ¢
J=1,N j=1,N

U; = ’L_Lf,;|aQ on oS

v !
Same velocity field; isotropic diffusion tensor with D; ; = WD ; source rate IR j = WR
J J
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Simple advection-diffusion-reaction model

Solution (-) Error (-)
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In tokamak geometry
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Diffusion equation, arbitrary element order

Element order Solution Error
. w1013
0.6 1 0.6 | "
0.4 7 0.4
0.2 | 0.2 | | 5 5
0r ot
0
0.2 0.2 ¢
0.4} 0.4}
5
0.6 -0.6 |
1.I5 1.I5 2 2.5. - 3 3.I5

KU LEUVEN

07/09/2022



Time (in)dependent equations

* Additional “diffusion-reaction” equation for potential, time-independent
om+V-(n (uE ~T.K)-D,Vin) =8,

V.(Tn)) =S,
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—> set of coupled equations for U = {Ujy, ..., Us, UG}T = {n, nn, pe, i, W, ¢}T
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Next steps

* Implement toy model

om+V-(nug—D,Viyn)=0

n—V-(%) =0

* Implement full 2D interchange model
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