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5General concepts

Ø Nearly integrable periodic systems allow to generally look 
into surface of section plots

Ø Hamiltonian mapping
Ø Close to resonance [Chirikov 79] «universal description

of a nonlinear resonance» è 1D NL pendulum

q Higher dimensionality:

Ø Use of Finite Time Lyapunov Exponents (FTLE) [Falessi
et al JPP 2015]

Ø Hamiltonian Mapping/Kinetic Poincaré plots [RB White 
CNSNC 2012; Briguglio et al PoP 2014; Zonca et al NJP 
& PPCF 2015]

q Loss of periodicity:
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6General concepts

Ø System with 2 degrees of freedom (µ invariance)           
è Arnold’s diffusion (not this talk)

Ø Loss of periodicity may hide resonance structures
Ø Reduction to 1 degree of freedom if another constant of 

motion can be identified (Hamiltonian in extended phase
space) [Zonca et al NJP15] 

q Gyrokinetic particle dynamics:
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7Nonlinear invariant of motion
q Gyrokinetic particle dynamics: existence of general 

invariant of motion connected with conservation of 
Hamiltonian in extended phase space

Ø What happens for chirping frequency
Ø What happens for multi-mode
Ø All this is discussed in NJP15
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8Nonlinear invariant of motion
q Gyrokinetic particle dynamics: existence of general 

invariant of motion connected with conservation of 
Hamiltonian in extended phase space

Ø Single – n chirping mode (wave packet)

Ø Not enough: we need resonance analysis
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9Resonance analysis
q Move into the wave-frame and apply method of 

averaging (basis for perturbation theory)
Ø Assume nearly periodic behavior and isolated

resonances (primary/linear)
Ø Assume system is not dominated by resonances among

different degrees of freedom (secondary/nonlinear
resonances)

Ø Follow NJP15: lifting to the particle phase space/push
forward representation into the magnetic drift/banana 
center frame (effective mode structure decomposition)



10Resonance analysis
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Ø n summation implicit
Ø Resonances: stationary phase(s)
Ø Near isolated resonance other

contributions are suppressed by 
(method of) averaging
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Nonlinear invariant of motion

Ø For isolated resonance

Ø Rigorous extension of C constant for single n fixed
frequency mode

Ø Rigorous justification of the statement: phase is the proper
canonical conjugate to the conserved extended phase space
Hamiltonian (upon application of method of averaging)



12Questions/Comments

q Questions/comments are welcome

q NJP15 provides the complete theoretical framework for 
constructing push-forward/pull-back operators of any
fluctuation structure over the action angle space

q This allows a thorough resonance analysis, for 
isolated/overlapping resonances and for fixed-
frequency/chirping modes
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