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The extended phase space

[0  The Least Action Principle, underlying the derivation of the equations of
motion, can be rewritten introducing a parameter ¢, with respect to which
all variations are independent; i.e.

[ - e -

0 From the form of the variational principle, it is intuitive that we can define
an extended phase space setting in 2N + 2 dimensions by letting p; = p;,
¢ =¢q; for 1 =1,N and pyy1 = —H, vy =1

A.J. Lichtenberg and M.A. Lieberman, Regular and Chaotic Dynamics,
Second Edition, Springer (2010)
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The reduced phase space

O Given the concept of the extended phase space, every system can be de-

scribed as autonomous system, i.e. with an Hamiltonian that does not
explicitly depend on time; i.e.

H(p,q) = H,

[0 Conversely, one could use this equation to solve one of the momenta, say py,
as a function of p;, = p; and q; = q; for . = 1, N —1 and ( = g, considered as

a parameter; py = pn (P, G, qn). Letting H = —pn (P, q, qn), the equations
of motion in the 2N — 2 dimensional reduced phase space are

dp; OH  10H dg; OH 10H
d¢ 0q; gy Ogi =~ d(  Opi  {n Op;
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0 A very useful application of the notion of reduced phase space is the defini-
tion of a Poincaré surface of section.

0  For a 2D system, the motion is bound to occur within the energy surface
H(p1,p2,q1,q92) = Hy, which can be written as

0  If the motion is bounded in the phase space, the motion can repeatedly cross
the plane ¢, = const, which is a convenient choice of the surface of section,
coinciding with the reduced phase space of the original Hamiltonian system.

O  In general, the subsequent crossings of the motion in the (p1, q1) surface of
section can occur everywhere. However, if a constant of motion exist, in

addition to Hy, then I(py, p2, q1,q2) = const in addition to ps = pa(p1, q1, G2).
Therefore

P = p1(q1, q2)

and the subsequent crossings of the motion in the (p;, q;) surface of section
must lie on one curve.

O  Vice-versa, the fact that the motion in the (p1, q;) surface of section lies on

a curve can be used as evidence of the existence of a constant of motion in
addition to H,.
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General concepts

d Higher dimensionality:

» Nearly integrable periodic systems allow to generally look
Into surface of section plots

» Hamiltonian mapping
» Close to resonance [Chirikov 79] «universal description

of a nonlinear resonance» =» 1D NL pendulum

1 Loss of periodicity:

» Use of Finite Time Lyapunov Exponents (FTLE) [Falessi

et al JPP 2015]
» Hamiltonian Mapping/Kinetic Poincaré plots [RB White

CNSNC 2012; Briguglio et al PoP 2014; Zonca et al NJP
& PPCF 2015]

QD 1152 K8 & 572 BB K-S 41
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General concepts o) ¢

A Gyrokinetic particle dynamics:

» System with 2 degrees of freedom (u invariance)
=>» Arnold’s diffusion (not this talk)

» Loss of periodicity may hide resonance structures

» Reduction to 1 degree of freedom if another constant of
motion can be identified (Hamiltonian in extended phase
space) [Zonca et al NDOP15] K = H, + e (61)) — H

[, = P + (e/c)(F/Bo) (64 )

H = Hy + (% +X- V) e <5¢ | 5A||> = 62 (<5¢ A <5A||>)

L1y e — ( 5¢ (%) ?Q' T <5A||>>
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Nonlinear invariant of motion -

 Gyrokinetic particle dynamics: existence of general
invariant of motion connected with conservation of
Hamiltonian in extended phase space

which readily yields II, — (n/w)H =const for a single n fixed w mode.

» What happens for chirping frequency
» What happens for multi-mode
» All this is discussed in NJP15

K = Ho+ e {09) — H
[, = Py + (e/c)(F/Bo) (6 4))
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Nonlinear invariant of motion - -

 Gyrokinetic particle dynamics: existence of general
invariant of motion connected with conservation of
Hamiltonian in extended phase space

which readily yields II, — (n/w)H =const for a single n fixed w mode.
» Single — n chirping mode (wave packet)
—iw(t)IIy + inH = 0
» Not enough: we need resonance analysis
K = Hy+e{dy) — H
I, = P, + (e/c)(F/Bo) (6A))
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Resonance analysis

d Move into the wave-frame and apply method of
averaging (basis for perturbation theory)

» Assume nearly periodic behavior and isolated
resonances (primary/linear)

» Assume system is not dominated by resonances among
different degrees of freedom (secondary/nonlinear
resonances)

» Follow NJP15: lifting to the particle phase space/push
forward representation into the magnetic drift/banana
center frame (effective mode structure decomposition)

£(r0,8) = €™ Y €™ fra(r)

meZ

> fo(Fer0e,8) = €™ Y Amn(Fer 0c)e® Fnna(Fe)
mlEL

Amnk e, 0. =exp [i (ng(7.) —m) éc]




Resonance analysis o)

1

tg.m,n,f(’_’C) == E

fexp {inZ(6;:)+i[ng(r;) —m] @C(GC)}fm,n(r’c—l—ﬁ(ec))e“iwcdﬂc .

RS

f(68. 61— f(7,8,,6) = et Y g2 o f (r,0.) .

mleZ
h

» N summation implicit
» Resonances: stationary phase(s)
» Near isolated resonance other

contributions are suppressed by 3 v
(method of) averaging R » R

f

Diagram illustrating the map 4 : (r,0,(C) — (7., 6., {.) as lifting of a generic function f to

fe

the phase space, such that f = f.oh.
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Nonlinear invariant of motion -

which readily yields I14 — (n/w)H =const for a single n fixed w mode.
» For isolated resonance

—iw(t) P g mn + 0P © Hpp =

» Rigorous extension of C constant for single n fixed
frequency mode

» Rigorous justification of the statement: phase is the proper
canonical conjugate to the conserved extended phase space
Hamiltonian (upon application of method of averaging)
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Questions/Comments

d NJP15 provides the complete theoretical framework for
constructing push-forward/pull-back operators of any
fluctuation structure over the action angle space

 This allows a thorough resonance analysis, for
isolated/overlapping resonances and for fixed-
frequency/chirping modes

J Questions/comments are welcome
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