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Motivation

• Phase Space Zonal Structures (PSZSs) are obtained by averaging out
dependencies on angle-like variables in the Energetic particle (EPs) distribution
function.

• PSZSs play a fundamental role in regulating EP transport induced by shear Alfvén
instabilities in burning plasmas, acting as a slowly varying nonlinear equilibrium
state [1], see Falessi I4.104.

• They are of great interest for the development of reduced models for EP heat and
particle transport on long time scales for future burning plasma experiments
(Eurofusion Enabling Research ATEP).
[https://wiki.euro-fusion.org/wiki/Project_No10].

• In ORB5 the PSZS is constructed by projecting the marker weights on a B-spline basis [2].
This projection can also be used as control-variate (evolving background) for δf PIC
simulations.
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Theory

• Following [3], the PSZS is defined as the angle average (orbit average) of the
gyrocenter distribution function;

F̂0,sp(Pϕ, µ, ε) = τ−1b

∮
dθ
θ̇

Fz,sp , τb =

∮
dθ
θ̇
, Fz =

1
2π

2π∫
0

Fsp(Pϕ, µ, ε, θ, ϕ) dϕ ,

θ̇ = −
v‖

eB∗‖J
∂Pϕ
∂ψ

, Pϕ = mspv‖
T(ψ)

qspB + ψ , ε =
1
2mspv2

‖ + µB

Pϕ constant of motion (toroidal symmetry, for B = T(ψ)∇ϕ+∇ϕ×∇ψ).
• The finite element (B-splines) representation of the PSZS is

F̂0,sp(Pϕ, µ, ε, t) =
∑

l
fl(t)Λl(Pϕ, µ, ε) , Λl(Pϕ, µ, ε) = Λd

i (Pϕ)Λd
j (ε)Λd

k (µ)
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• Λl(Pϕ, µ, ε), tensor product of 3 one dimensional B-splines of order d.
• Set as linear algebra problem (Galerkin method)∑

l
fl(t)

∫
JPϕ,µ,ε dPϕ dε dµ ΛnΛl =

∫
JPϕ,µ,ε dPϕ dε dµ ΛnF̂0,sp ,

∑
l

Al,mfl = bn

Al,m, elements of a symmetric sparse band matrix of rank
(NPϕ + d)(Nε + d)(Nµ + d).

• The right-hand-side is constructed by projecting the markers on the B-spline
space.

bn =
N∑

p=1

(Nph
N δwp + f0(Pϕ,p, θp, εp, µp)Ωp

)
Λν(Pϕ,p, εp, µp) .
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Example: PSZS for the NLED-AUG case, early nonlinear phase
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Example: PSZS for the NLED-AUG case [4]
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Control-variate

• Formally, the GK Polarization equation looks like:

F(Φ) =
∑
sp

qsp

∫
fspdv '

∑
sp

∑
p

wp

• Control-variate:

F(Φ) =
∑
sp

qsp

∫
(fsp−fcv,sp)dv+

∑
sp

qsp

∫
fcv,spdv '

∑
sp

∑
p

ŵp+
∑
sp

qsp

∫
fcv,spdv

where fcv,sp is a known function, e.g. a Maxwellian or a numerical distribution
function defined on a grid.

• If the variance of the distribution of ŵp is smaller than the one of wp (i.e.
fcv,sp ' fsp) the statistical noise is reduced.

• The more the distribution function departs from the fcv,sp the less efficient the
control-variate becomes.
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Control-variate using a B-spline projection

• ORB5 can already cope with numerical distribution functions defined on a grid
f(ψ,Ek , v||) (RABBIT interface, T. Hayward-Schneider, used in Ref. [4]).

• The B-splines coefficients of ffsa(ψ,Ek , v||) can be used to calculate the value of
the function (and its derivatives) on the grid points of the numerical background
distribution function of ORB5.

• The corresponding numerical distribution function is now used as time
dependent control-variate.

• Only the particle weights are updated by subtracting the value of the
control-variate at the particle position from the (conserved) value of the total
distribution function.

• Caveat: if linearized polarization is used, the polarisation density should also be
updated (TBD).
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Example, the cyclone base case with ORB5, standard simulation
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Proof of principle: ffsa(ψ,Ek , v||)@t ' 0.6× 104 as control-variate
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Experimental Setup: the NLED-AUG case

• NLED-AUG case [5], ASDEX Upgrade 31213 at t = 0.84 s in the discharge
number 31213.

• NBI generated EP; βEP ∼ βBULK and EP average kinetic energy
εEP ∼ 100 · TBULK, reactor relevant conditions.

• Intense EP-driven activity is observed (EGAMs, SAWs, EPMs...).
• The NLED-AUG case has been widely studied and simulated by several codes,
including ORB5.

• Energetic particles are simulated using an analytical pitch-angle dependent
slowing-down equilibrium function (see Eq. (3) of [6]).

• Injection pitch angle ξ0 = v‖/|v| = −0.5 and EP concentration nEP/ne = 0.0949
are used.
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Numerical Validation

• Tested on analytical distribution functions, reduced dimensionality and simplified
geometry.

• Test: equilibrium F0 reconstruction on ORB5 coordinates F̂0,sp(ψ, µ, v‖, t = 0) for
the NLED-AUG case for a Maxwellian and a slowing-down (with pitch angle
dependence).

• B-spline projection of F0 is calculated at each marker position.
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2D projection of the 3D flux-surface averaged F0

• (Nψ = 30,Nµ = 30,Nv‖ = 30) and d = 1, integrated along the third direction.
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Reconstructed EP and Bulk ion densities

• Comparison with the analytical functions.
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Example: ffsa(ψ,Ek , v||) for the NLED-AUG case [4]

• If (Pφ,Ek , µ)→ (ψ,Ek , v||) the PSZS numerical infrastructure of ORB5 can be
used to get a B-spline projection of the flux-surface averaged distribution function
at any time, ffsa(ψ,Ek , v||).
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