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Modeling of EP physics

1. Multi-species fully kinetic code: 0RB5, EUTERPE, ...
Kinetic egs + Poisson eq + Ampere eq.
2. Multi-scale hybrid code: MEGA, HMGC, HAGIS, STRUPHY, ...
* Hybrid MHD-kinetic simulation
Kinetic egs for EPs + MHD eqgs.
* Perturbative hybrid MHD-kinetic simulation

Kinetic egs for EPs + LinearMHD egs.

¢ Hybrid MHD-kinetic system: there are two possible coupling schemes.
Current-coupling: p% +pU- VU= —-Jp) xB+ppUxB-Vp.
U
Pressure-coupling: p% +p(U-VIU=JXxB-Vp—-V-P.
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STRUPHY Hybrid fluid-kinetic framework

Goal: "Hybrid fluid-kinetic simulation with a long-time numerical stability."

1.

FEEC-PIC discretization.

= no spurious modes from discretization.
= built-in discrete conservation laws.
Variational (Hamiltonian) Hybrid models:

MHD-Vlasov PC and CC
MHD-Driftkinetic CC

= Energy-conserving coupling.

Energy-preserving integrators:

Hamiltonian splitting.
Semi-implicit Crank-Nicolson method.
Integral-preserving integrators.

= Numerical stability with a large At.

\Y Vx \Y

HY(Q) —— H(curl, Q) ———=— H(div, Q) —— L*(Q)

|

Vi vx Va Y v
@l HE bulk
Hl energetic

resonance

distribution function f(v)

velocity

STRUPHY



Variational (Hamiltonian) Hybrid MHD-driftkinetic Model'

Driftkinetic F(x,v)) :

ap _
5+V (pU) =0,

ou 1
p§+p( -V)U:(vaB+thhU7thvXMh>XB*VP,
Ho

B
%tJrvX(BxU)

9

8’:+v (PU) + (v — 1)pV -U = 0.
oF o [F o (F
oLl B —byxE*)| + 9 ¢ [ Lp+ pr) =
o ox [Bl*(” by x )+mh8v” <B|* > 0,

. my, . p mpva
B* =B+ My, Vxby, E*=-UxB—"VB,, B =by-B, u= .
o 0 a - I 0 H B

F
Ph = /FdV”du, Jp = qh/g(‘/“B* — by x E*)dV”d[,L7 M, = —/FubodVHdu.
Il

1Cesare Tronci (2020) "Variational mean-fluctuation splitting and drift-fluid models"
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Energy conservation

* Conserves the Hamiltonian (total energy of the system):

Eotal = EMHD + EEPs

o = 5 / B / Bdx+ / pdx,

Eu ] &r
1
Eeps = // Fém,,vﬁdvudud3x+///FMBHdedud3x.
Efy ]

¢ Taking the sum of all time derivatives of energies yields

d

d d d d d
—& ==& —& —& — & —&g=0.
qp Stotal U+d18+dtT+dt fv+dt B

dt
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Energy-conserving coupling

“ 1 8p 2 . Udsx
2 82‘
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Energy-conserving coupling

“ 1 8p 2 . Udsx
2 82‘
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Energy-conserving coupling

d 10p,.0 ou 3
de _ [10py - Ud
av =) 2o Ty UoX

—/(Jh+VxMh)><B~Ud3x

// th* V3(V x by) x B U—B—p(bova”)xB U+ Fu(V x b) x B - Udvducx
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Energy-conserving coupling

d 10p,.0 ou 3
e, = [1242, ,9Y q
atv= [z Try VA

-~~—/(Jh+VxMh)><B~Ud3x

F F
_// My = VE(Y % bo) X B-U— —pu(bo x VB|) x B+ U+ Fu(V x bo) x B - Udv] dyucx
i i

d o mp 28F 3
agfv = ? /// V” EdVHd/Ld X
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Energy-conserving coupling

d 10p,.0 ou 3
— [ 1o%y2 ,0Y 44
at 2ot P X

-~~—/(Jh+VxMh)><B~Ud3x

F F
_// My = VE(Y % bo) X B-U— —pu(bo x VB|) x B+ U+ Fu(V x bo) x B - Udv] dyucx
i i

d o mp 28F 3
agfv = ? /// VH EdVHd/Ld X

Gn 2 0 | F o px 3
__2///"'3‘/{5;53 -E}dndudx
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Energy-conserving coupling

d 19pe , U 4
E‘g“*/zatu pop Udx

f/(J,,+V><Mh)><B-Ud3x

// My o VH(V><b0)><B u- B* (o X VB|) x B-U+ Fu(V x bg) x B - Udvdud®x

d _ my 2 OF 3
ngv =7 /// vi EdVHde X
:,%///Vzi F e dv dud®x
2 Vovy | Br
+mh///B ViU - (V x bg) x Bdv)dud®x
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Energy-conserving coupling

(1 1 é)p 2 E) 3
Se, = P2y, u
atu= [ 2V e Udx

:..‘—/(Jh+VxMh)><B~Ud3X

_// thF* H(V><b0)><B U—B—,u(boxVB“)xB U+ Fu(V xbg) xB- Udv“dudx
I

Jp, coupling—Curlb

d o mp 28F 3
ngv = ? // VH EdVHdud X
o an 2 g F * * 3
_—?///Vna—vu [B*B E } dv) dpucx
- 4+ my /// B* H V X bo) x B dV”dp,dsx

Jp coupling—Curlb
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Energy-conserving coupling

d 10p 0 ou 3
[ 1%y2 ,0Y 4
at 2ot TPar OX

—/(Jh+VxMh)><B-Ud3x

F F
- ///thvﬁ(V % bg) x B U= p(bo x VB|) x B U+ Fyu(V x bo) x B - Udvdpc’x
i i

Jp coupling—Curlb

B 3%
= B, +F
ng ﬂ/ ot 22411 + /.L ot dV”d,ud
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Energy-conserving coupling

d 10p 0 ou 3
[ 1%y2 ,0Y 4
at 2ot TPar OX

—/(Jh+VxMh)><B-Ud3x

F F
- ///thvﬁ(V % bg) x B U= p(bo x VB|) x B U+ Fyu(V x bo) x B - Udvdpc’x
i i

Jp coupling—Curlb

B 3%
= B, +F
ng ﬂ/ ot 22411 + /.L ot dV”d,ud

/// ax[ (v|B* — b x E*) | 4By + Fubg - V x (B x U)dvdud®x
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Energy-conserving coupling

d 10p 0 ou 3
[ 1%y2 ,0Y 4
at 2ot TPar OX

—/(Jh+VxMh)><B-Ud3x

F F
- ///thvﬁ(V % bg) x B U= p(bo x VB|) x B U+ Fyu(V x bo) x B - Udvdpc’x
i i

Jp coupling—Curlb

d By 3y
= By +F
= /// 51 MBI+ u op dvidud’x

/// ax [ (v B* — b x E*) | uBy + Fubg - V x (B x U)dv;dud’x

: +///§U -B x (VB x bg) — Fubg - V x (B x U)dv| dud®x
I
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Energy-conserving coupling

de _ [10p4e, U

atv 2 ot ot
—/(Jh+V><M,,)><B-Ud3x

- Ud3x

F'
// m,, VE(V x bo) x B- U— by x VB)) x B-U+Fpu(V x by) x B Udv, dud®x
|

Jp, coupling—Curlb Jp coupling—GradB

M}, coupling

0By 3y
—E&p = // u I + Fu—- ot dV”d,LLd
—/// X [B*(VB* — by x E*)| uB) + Fubg - V x (B x U)dv|dud®x

///—U B x (VB x bg) — F by - V x (B x U)dvdud®x
e Y ———

M}, coupling

Jp coupling—GradB
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Linear perturbation

¢ Linearized MHD part with a zero-flow equilibrium:

p=po+p B:BO+§7 U:07 p:p()4>i5

0 1 L . ;
poi:f(VXBo)><B+*(V><B)><Bo+(qhnhU7thvXMh)Xvap,
ot po Ko
; . B _
Linear MHD: aa—t-ka(BoxU):O,
op

o V(o) + (v = 1)poV - U =0.
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Linear perturbation

¢ Linearized MHD part with a zero-flow equilibrium:

p=po+p B:BO+§7 U:CL p:p()‘Fl3

1 L1 , )
po—:—(VXBo)><B+—(V><B)><BO+(qhnhU7Jh7V><M,,)><Bpr,
ot po Ko

; . B .
Linear MHD: % +Vx(Byx0)=0,

b . .
24V (po0) + (v = 1)V - 0= 0.

* Due to the linearization, &,y is no longer conserved.

= S0t = [(VxBo+V x My) x B-0 — (pg — p)V - Udx .
= However, still can describe Alfvén eigenmodes and their linear and non-linear interactions with EPs.

=- Exact energy conservation can be recovered by calculating B and p as an initial-value problem.
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Time splitting

¢ Split the whole system into 4 Hamiltonian (skew-symmetric) sub-steps + 1 non-Hamiltonian sub-step.

1. Driftkinetic Ot (x" V) = (x"L V)
2. Shear Alfvén + M), coupling ®2: (u",b") — (U b™T)
3. Jp coupling - Curlb 3 : (u", vi) — (u' v 1)
4. Jp coupling - GradB o4 (U, x") — (U™ X"+1)
5. Magnetosonic + non-Hamiltonian @%: (u”,p") — (u™' p™*")

¢ Each sub-steps are combined via Lie-Trotter or Strang splitting methods.
Lie-Trotter : @4, := 5, 0 #%, 0 93, 0 93, 0 &},

. oL -
Strang @ @3, : *¢At/2 (®ar/2) !
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STEP 1: Driftkinetic

oF o [F a 0 [ F
P LB —byxE)|+ I [ Zprgr) =0
o Tox B! e (B* > ’
B*:B-f-ﬂVHVXbo, E* = —KVBH
ah ah
Driftkinetic
. B* 1
X = VH§ +6§b0 X ,U,VB“ ,
I I 1
. B* ngs(X,V“) = ///F§mhvﬁdv”dud3x+ /// F;,LB” (X)dV“d;,Ldax.
V= =5 VB,

B
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Discrete gradient method

* Driftkinetic equations have the following ODE form
z=S(z)VI(z),
ie.z={xv}, Z(2) = uBj(x)+ %vﬁ,

Driftkinetic

[x} B e/BWbox 1/BW B*(x,v)" {NVBH}
VH - —1/B‘TB*(X,V”)~ 0 VH ’

¢ Then the ODE is discretized as
zn+1 —2Zp

h = 8(2741,20)VI(2p41,2n) ,

S is any skew-symmetric matrix s.t. limz, —z, 8(zp11,2n) = S(2n) -

= I(z —1I(z

i o _ T2 ,1,20) = (Zn41) = 2(2n)

VZI(zpi1,2n)is a discrete gradient s.t. Zni1 —2n
61(2{7,2{7) = VI(Zn) .
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Discrete gradient method

e Mid-point §
Zpi1 +2n

S(zn1,2n) = S( >

).

* Gozalez (mid-point) discrete gradient VZ 2
L(zp11) — Z(2n) — (Zn41 — 2n) - VI(Zn11/2)

VZI(2n11,20) = VI(Zps1/2) + (Znp1 — 2n)

1211 — 2nl[? '
where z,, 1 /2 = (2541 +2n)/2.
* Fixed-point iteration
20, =2y +hS(zn)VI(zn),
2y, =2 +hS@,,,20)VI(Z, 1, 20),
Z =2z, +h8E ] 20)VI(Z o lZn),

fork =0,1,... until satisfying

||z, 4 — 251 || < tolerance .

n+1

2O. Gonzalez (1996) "Time integration and discrete hamiltonian systems"
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Discrete gradient method

* Describe passing, co-passing, trapped, co-trapped particles.

Full-orbit DriftKinetic

3.18

1.0 3.00

0.5 2.82

2.64

0.0 2.46

Z [m]

2.2
-0.5 8

2.10

-1.0 1.92

05 1.74
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Discrete gradient method

* Discrete gradient method preserves Z(z).

By the definition of discrete gradient,
Z(zp11) — L(2n) = VI(2Z41,20) ' (Zpy1 — 2n).-

By using the discrete gradient update scheme 2,1 — 2p = h3(2,41 — 20)VZ(Zp41 — 2n),

Z(zn1) — Z(zn) = h@z(znﬂ ,zn)T §(2n+1 —2p) 6:Z(znﬂ —2,)=0.
—_——

skew-symmetric

10-5 Smooth VB 10-2 Noisy VB
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0 107 o 10
e e 6
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g 10 2 — & dg
S S 1078 total
© ©
FT o
=107 — Etotal K4 = 10-10
— &totar dg
1073 10-12
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STEP 2: Shear Alfvén + M, coupling

ShearAlfvén + My coupling

o0 .
p0§:(V><37V><M,,)><BO, o 1 ~ 1

& £ea(0, B) = 5/pu2d~°'x+ E/|32d3x+// FuBydvdud®x .
E:—VX(BOXO),

* FE coefficients update for U =uTA? € V2ZandB=bTA2 € V2:

ﬂ At { 0 (M,%)”TTCT}

M2u
bl ~ 2 [-cT(M2)~! 0 M2b + P P wp A(my) |

where ] ]
M2 ;:/K2 TGA?2—dn, M2 ::/p n)(A2)T GA2 —dny,
(A7) 7 o 0(1)(A%) 7
1

LT o R .
T =1 {ﬁsg ><A2] . Pp=T1I° {ﬁbg-Az] . By =PybA".
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STEP 2: Shear Alfvén + M, coupling

ShearAlfvén + M), coupling

po?:(VXé—VXMh)XBO, o 1 . 1
! £sa(U,B) = f/pU2d3X+f/Bzd3x+// FiuB)dv) dud’x.
oB - 2 2
EZ—VX(B()XU)7

* FE coefficients update for U =uTA? € V2ZandB=bTA2 € V2:

H B g[ 0 (MZ)”TTCT] Mlgu
b B 2 *CT(M%)_1 0 M2b+73t;r ka wk/LkAO(T]k) ’
With semi-implicit Crank-Nicolson method, following discrete energy is conserved

Np

T a2y o ThTv2 TpT 0
gh,SAZEU Mpu+§b M°b + b’ P, Xk:wkaA (mp) -
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STEP 3: J, coupling - Curlb

Jp coupling - Curlb

1
_ _//F§vﬁv x bodv)du x B,

1 [ - 1
ov Eccoutb = 5 /ﬂUstX + // ngﬁdv“dudax.
87;‘ B _7VH(V X bo) (B X U)

H

* FE coefficient update for U = uT A2 € V,f and particle pushing v :

. 1 2T gt — - _

[l.,} At 0 (M2)~" 2'Br ) g /g B X by {M%_u}
Vil 2 oy ety B 2(M )~ 0 WY
where V) := (v 1, vy n,) T € R%, V) :=(V), V), V) € R% and BX, by *, 2 are the block matrices
which are diagonally staked collocation vectors. e.g.

2:=dag( §, 5. §)e

2 ._ (AN 3N,
w= (Au,i('r/k))ogigN",1§k§Np,n€{v,1,2}«u€{1,2,3} € R¥P

€ R3No x3Np
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STEP 3: J, coupling - Curlb

Jp coupling - Curlb

o0 1
po 0 = _// F e VBV % bodvdy x B,

[ 1/ 2 3 /// 15 3
& = - U<d°x F—vidv,dud°x.
v 1 ; CCCulb = 5 [ P + 5 Vilaviar

* FE coefficient update for U = uT A2 € V2 and particle pushing v :

. T ok, — _ -

{u} At 0 (M)~ 2 B Vg g B by [M2 }
Vil 2 |-oy< ey tye B 2(M) 1 0 WV
With semi-implicit Crank-Nicolson method, following discrete energy is conserved

No

1
T2 >
En,cc cutb = U MU+ "Wy
K

2
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STEP 4: J, coupling - GradB

Jp coupling - GradB

o0 1
poa = //Fgﬁbo X (/J,VBH)dVHd/J, X B,

1 .
Ecc Grad = 3 /pUzdsx + /// F By (x)dv) dud®x.
% = Lb x U0 xB 2
at — Bj 0 ’

* FE coefficient update for 0 = uT A? € V2 and particle pushing x :

R A I I LA L
Hl 2 " |-G by G'BX g "B 2(M2)~ 0 Wi 'GPyb)

— T & RN,
where H:= (n1 1, 1IN, 1,712, -+ INp 2, T 35 - - -5 1IN, 3) T € REP.
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STEP 4: J, coupling - GradB

Jp coupling - GradB

80 1

b0t = // F 5=bo x (4VB))dvdyu x B, 1
ox 1 I 500 GradB = E /pUzdSX —+ // F/J,BH(X)dVHd/J,dSX
§ = §b0 X U X B7

* FE coefficient update for U = uT A2 € VE and particle pushing x :
I B R T
2 7G_1bS<G_1BX \/g—1B|*‘,*1 Z(M%)_1 0 Wit 1G73bb ’

The following discrete energy of the system is not exactly conserved due to the non-quadratic energy term:

No

1
&€n,cC GradB = EUTMiU +bTP D " we A (my) -
K
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STEP 5: Magnetosonic + non-Hamiltonian

Magnetosonic + non-Hamiltonian

Po— = —VP+(VxBy—V xM,)xB
o Eus(0.5) = 5 [ PP r L [ bex.
v (p,0
ot (pO )7

* FE coefficients update for U =uTA2 € V2 andp =pT A% € V?

1)K2DU? 0 P
N
+ AMR)~ [Mﬁb + 20,7 wkkk {( x b) x BZ} (nk)]
P
0

-2 e 77
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ITPA linear benchmark

¢ ITPA linear benchmark case?:

A circular large aspect ratio tokamak (Rp=10m, a=1m).
Ad-hoc equilibrium with Beenter = 3T.

A TAE mode with (m= 10,11, n=- 6).

Maxwellian energetic deuterons (0-800 keV).

tor. mode
number n
—_—

pol. mode
number m

@Ksnies et al. (2018) "Benchmark of gyrokinetic, kinetic MHD and gyrofluid codes for the
linear calculation of fast particle driven TAE dynamics"

A PL NSTITUTE FOR H SARCHIN ECHN ER UNICH, GARCHINC

ATHAN MARIN | NOVEN

y10’s™

60 T T T T
I '
- . —— ]
S ARy
40 . fall ol = |
/ o g@:rjp?‘h"v"_“‘*u T
i BTE 4~ T+ —“K -
F‘ s N - -
30 297 . casaipkEow) ¥ v ]
: & © GYGLES (ZLR)
20k 4+ AE3DK (ZLR) i
7 NOVAK (ZLR)
: HMGC (ZLR)
10k G-© MEGA (ZLR) i
A G- B CKA-EUTERPE (ZLR)
- VENUS (ZLR)
o : %— ORB5 (ZLR) ]
. L . L L
0 200 400 600
T,/ keV

STRUPHY

800



ITPA linear benchmark

— 1.7e04

¢ ITPA linear benchmark case?:

0.0001

A circular large aspect ratio tokamak (Ry=10m, a=1m). €
Ad-hoc equilibrium with Beenter = 3T. "
A TAE mode with (m= 10,11, n=- 6) 1 00001
Maxwellian energetic deuterons (0-800 keV). — 16004

tor. mode

number n TAE (ITPA benchmark)

- By 0.6

---- m=10, n=6 Alfvén continuum

pol. mode
m=11, n=6

number m

0.4 0.6
@Ksnies et al. (2018) "Benchmark of gyrokinetic, kinetic MHD and gyrofluid codes for the Minor radius [m]

linear calculation of fast particle driven TAE dynamics"
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ITPA linear benchmark

¢ ITPA linear benchmark case?:

A circular large aspect ratio tokamak (Rp=10m, a=1m).
Ad-hoc equilibrium with Beenter = 3T.

A TAE mode with (m= 10,11, n=- 6).

Maxwellian energetic deuterons (0-800 keV).

tor. mode
number n
—_—

pol. mode
number m

@Ksnies et al. (2018) "Benchmark of gyrokinetic, kinetic MHD and gyrofluid codes for the
linear calculation of fast particle driven TAE dynamics"
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ITPA linear benchmark

¢ ITPA linear benchmark case?:

A circular large aspect ratio tokamak (Ry=10m, a=1m). 60 -
Ad-hoc equilibrium with Beenter = 3T. - (a)
A TAE mode with (m= 10,11, n= - 6). 0F
Maxwellian energetic deuterons (0-800 keV). 40
tor. mode - -
number n B -2 301
— 0 [=]

pol. mode - I

N, ok
- CAS3DK(ZOw) *7  ~4 7
- © GYGLES (ZLR)
++ AE3D-K (ZLR)
¥ NOVAK (ZLR)
HMGC (ZLR)
G- © MEGA (ZLR)
G- £ CKA-EUTERPE (ZLR)
VENUS (ZLR)
*—x ORBS (ZLR)

number m =20t

| ol

= \ b I 0_—

R - 0
9. Rq

4Ksnies et al. (2018) "Benchmark of gyrokinetic, kinetic MHD and gyrofluid codes for the
linear calculation of fast particle driven TAE dynamics"
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STRUPHY overview

* Ongoing projects
- Canonical momentum based hybrid kinetic ions massless electrons model.
- Delta-f Vlasov-Maxwell models.
- Full MHD model with advanced preconditioning.

- Few master projects ...

* Progress in documentation
- Easytolearn https://struphy.pages.mpcdf.de/struphy/

- 9 Tutorials https://struphy.pages.mpcdf.de/struphy/sections/tutorials.html

¢ Performance is getting better and better (MPI + OpenMP)
- Parallelization for FEEC https://github.com/pyccel/psydac

- Parallelization for PIC https://github.com/pyccel/pyccel
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