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Motivation
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How to guarantee alpha particle heating in stellarator reactors?

How to decrease first wall damage from unconfined particles?

- Particle confinement is usually considered the Achilles Heel of stellarators

- New proxies have changed this paradigm

- Analytical models (e.g., near-axis expansion) decrease degrees of freedom but have other tradeoffs

- The near-axis can also provide physical 

insight and guide future designs



Goals

2

Obtain reactor relevant stellarator shapes in a reliable and efficient manner

Typical degrees of freedom to solve 𝑱 × 𝐁 = ∇P

- Fixed boundary (LCFS): ~100 Fourier coefficients

- Free boundary    (coils): ~400 Fourier coefficients 

Near-axis (high aspect ratio) degrees of freedom

- Axis + 1st order + 2nd order: ~10 Fourier coefficients

Is this gain worth it?
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EnR Task Specification

The project is divided into 5 different tasks (WP)

• WP1 – Particle tracer code development (near-axis & full MHD)

• WP2 – Combine particle tracer and stellarator optimization codes

• WP3 – Optimized stellarator equilibria (QS, QI and General)

• WP4 – Physics study of Nemov’s criterion

• WP5 – Fast particle orbits in realistic magnetic fields
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With the following goals

• Create an open-source, user friendly, fully tested particle tracer (WP1, WP2)

• Perform the first direct fast particle optimization of a stellarator (WP3)

• Compare fast particle optimization with commonly used proxies (WP4)

• Extend the optimization to stochastic magnetic fields (WP5)

2022

2023
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Publications

4
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With the following goals

• Create an open-source, user friendly, fully tested particle tracer (WP1, WP2)

• Perform the first direct fast particle optimization of a stellarator (WP3)

• Compare fast particle optimization with commonly used proxies (WP4)

• Extend the optimization to stochastic magnetic fields (WP5)

2022

2023
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WP1
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Development of the NEAT code

Open-source and automatic testing with GitHub actions

User-friendly example in near-axis geometry

✓ Near-Axis Geometry

✓ Full MHD Geometry

Already being used by the 

stellarator optimization community

Rogerio Jorge | EUROfusion Science Meeting | Results of Enabling Research Projects 2021-2024| October 23, 2024



WP1
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Flexible geometries

• VMEC output files

• Near-axis analytical model

• Near-axis quasisymmetry (exact/partial)

• Dommaschk potentials (magnetic islands)

Multiple tracers

• SIMPLE

• gyronimo

• SIMSOPT

• BEAMS3D
Benchmark available on 

https://github.com/rogeriojorge/

particle_tracing_benchmark

Inner surface

Magnetic axis

Plasma Boundary

Particle in near-

axis geometry

Particle in VMEC geometry
SIMPLE (VMEC) 

particle tracer
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WP1
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NEAT is fast as it uses C++ for trajectory calculations, 

which are called via Python
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But can we simplify it further?

Use JAX!

[1] D. Hafner et al, “Fast, Cheap and Turbulent – Global Ocean Modeling with GPU 

Acceleration in Python, Journal of Advances in Modeling Earth Systems 13 (2021)



WP1
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Guiding Center Equations On Biot-Savart coil fields Optimized stellarator (WP5)

Particle tracer code ESSOS using:

• only Python

• hybrid OpenMP/MPI parallelization

• able to run on CPUs and GPUs

Developed by IST undergrad Student



WP1
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Particle tracer code ESSOS using:

• only Python

• hybrid OpenMP/MPI parallelization

• able to run on CPUs and GPUs

Developed by IST undergrad Student

Benchmarks

Energy Conservation
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With the following goals

• Create an open-source, user friendly, fully tested particle tracer (WP1, WP2)

• Perform the first direct fast particle optimization of a stellarator (WP3)

• Compare fast particle optimization with commonly used proxies (WP4)

• Extend the optimization to stochastic magnetic fields (WP5)

2022

2023
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WP2 – Combine particle tracer and stellarator optimization codes
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2. Integration with stellarator optimization frameworks (WP2)

User-friendly example in near-axis geometry

• scipy.optimize.minimize or SIMSOPT – near-axis

• SIMSOPT - full MHD

Reduction in loss of alpha particles

Choose geometry

Choose particle ensemble

Choose degrees of freedom

Choose objective function

Optimize

• DESC - full MHD (finalizing)
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WP3 – Optimized stellarator equilibria
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3. Optimized stellarator configurations (WP3)

• Obtained Near-Axis Optimizations (previous slide)

• Obtained full MHD Optimizations

Choose geometry

Choose particle ensemble

Choose degrees of freedom

Choose objective function

Optimize

• Trace 2400 particles for 5 × 10−4 s with the SIMPLE 

code

• Scale the minor radius and magnetic field to half of the 

ARIES-CS reactor

• Save the fraction of loss particles in an array for each 

RBC(1,0)

• Each point takes ~1 second on a laptop

Local minimization 

methods not able to find 
the global minimum

Minimal benchmark problem

Quasisymmetry
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WP3 – Optimized stellarator equilibria
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• Obtained Near-Axis Optimizations (previous slide)

• Obtained full MHD Optimizations

Choose geometry

Choose degrees of freedom

Choose objective function

Optimize

Stochastic optimization – generalized dual annealing

Number of iterations Found a robust solution

The optimizer found a 

quasi-isodynamic stellarator

Initial condition 

(100% losses)

Optimized solution

(2.5% losses)

Scripts available on https://github.com/rogeriojorge/EPoptimization

3. Optimized stellarator configurations (WP3)
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WP3 – Optimized stellarator equilibria
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Focus on the near-axis expansion

• Near-axis database and machine learning model
J. Candido, Undergraduate Thesis (2022/2023)
P. Curvo, Undergraduate Thesis (2023/2024) – submitted to JPP

• Viability of near-axis solutions as good initial 

conditions for full MHD designs
P. A. Figueiredo et al, JPP  Volume 90, Issue 2, April 2024
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WP3 – Optimized stellarator equilibria
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Choose geometry

Choose degrees of freedom

Choose objective function

Optimize

Create near-axis plasma boundaries and export them to VMEC.

Compare (R, Z) values of a near-axis vs. VMEC point

Focus on the near-axis expansion

• Viability of near-axis solutions as good initial 

conditions for full MHD designs
P. A. Figueiredo et al, JPP  Volume 90, Issue 2, April 2024
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WP3 – Optimized stellarator equilibria
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Focus on the near-axis expansion

• Viability of near-axis solutions as good initial 

conditions for full MHD designs
P. A. Figueiredo et al, JPP  Volume 90, Issue 2, April 2024

1. Use NEAT to benchmark codes (gyronimo vs SIMPLE)
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WP3 – Optimized stellarator equilibria
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Focus on the near-axis expansion

• Viability of near-axis solutions as good initial 

conditions for full MHD designs
P. A. Figueiredo et al, JPP  Volume 90, Issue 2, April 2024

1. Use NEAT to benchmark codes

2. Compare near-axis vs. full MHD orbits

Quasi-Axisymmetry Quasi-Helical Symmetry
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WP3 – Optimized stellarator equilibria
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Focus on the near-axis expansion

• Viability of near-axis solutions as good initial 

conditions for full MHD designs
P. A. Figueiredo et al, JPP  Volume 90, Issue 2, April 2024

1. Use NEAT to benchmark codes

2. Compare near-axis vs. full MHD orbits

3. Compare near-axis vs full MHD loss fractions

Quasi-Axisymmetry Quasi-Helical Symmetry
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WP3 – Optimized stellarator equilibria
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Focus on the near-axis expansion

• Viability of near-axis solutions as good initial 

conditions for full MHD designs
P. A. Figueiredo et al, JPP  Volume 90, Issue 2, April 2024

1. Use NEAT to benchmark codes

2. Compare near-axis vs. full MHD orbits

3. Compare near-axis vs full MHD loss fractions

4. Obtain analytical formulas for the trapped-passing 

boundary and banana width using near-axis expansion
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WP3 – Optimized stellarator equilibria
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Focus on the near-axis expansion

• Near-axis database and machine learning model
J. Candido, Undergraduate Thesis (2022/2023)
P. Curvo, Undergraduate Thesis (2023/2024)

1. Create a near-axis database similar to
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WP3 – Optimized stellarator equilibria
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Focus on the near-axis expansion

• Near-axis database and machine learning model
J. Candido, Undergraduate Thesis (2022/2023)
P. Curvo, Undergraduate Thesis (2023/2024)

1. Create a near-axis database similar to

2. Experiment with data-reduction and clustering methods (e.g., find division between QA and QH)
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M. Landreman, JPP 88(6), 2022



WP3 – Optimized stellarator equilibria
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Focus on the near-axis expansion

• Near-axis database and machine learning model
J. Candido, Undergraduate Thesis (2022/2023)
P. Curvo, Undergraduate Thesis (2023/2024)

1. Create a near-axis database similar to

2. Experiment with data-reduction and clustering methods (e.g., find division between QA and QH)

3. Train neural network to reproduce forward and inverse solutions
Forward model (easy to reproduce) Inverse model (hard to reproduce)

Linear Regressor Polynomial Regressor Neural Network

“Given an elongation, 𝜄 and elongation, what are its near-axis parameters?”

alpha = 7.91e- 05, batch_size = 87, 

hidden_layer_sizes = [45, 45, 45, 45], 

learning_rate_ init = 9.3 × 10−4 
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WP3 – Optimized stellarator equilibria
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Focus on the near-axis expansion

• Near-axis database and machine learning model
J. Candido, Undergraduate Thesis (2022/2023)
P. Curvo, Undergraduate Thesis (2023/2024)

1. Create a near-axis database similar to

2. Experiment with data-reduction and clustering methods (e.g., find division between QA and QH)

3. Train neural network to reproduce forward and inverse solutions

4. Train mixture density networks to solve the inverse design problem 

M. Landreman, JPP 88(6), 2022
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EnR Task Specification

The project is divided into 5 different tasks (WP)

• WP1 – Particle tracer code development (near-axis & full MHD)

• WP2 – Combine particle tracer and stellarator optimization codes
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• WP5 – Fast particle orbits in realistic magnetic fields
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With the following goals

• Create an open-source, user friendly, fully tested particle tracer (WP1, WP2)

• Perform the first direct fast particle optimization of a stellarator (WP3)

• Compare fast particle optimization with commonly used proxies (WP4)

• Extend the optimization to stochastic magnetic fields (WP5)

2022

2023
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Physics study of Nemov’s criterion
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Nucl. Fusion 61 (2021) 116060 A. Bader et al

Figure 5. Thedeviation from quasisymmetry as a function of normalized toroidal ux, s for quasiaxisymmetric con gurations (left) and
quasihelically symmetric con gurations (right).

5. Alpha particle loss metrics

We consider two metrics for alpha particle losses, quasisym-

metry and Γc. A given con guration is quasisymmetric if the

variation of |B| along a eld line is thesame for all eld lines

on a ux surface [39]. Quasisymmetry can be determined by

Fourier decomposing |B| on a ux surface in the straight eld

line coordinate system known as Boozer coordinates [40]. If

theonly modespresent areoneswheretheratio of thetoroidal

moden to thepoloidal modem isconstant, thecon guration is

quasisymmetric. For quasiaxisymmetric equilibria, n/ m = 0

and a perfectly quasiaxisymmetric equilibrium will only have

modes with n = 0. For quasihelically-symmetric equilibria,

the ratio n/ m is usually equal to the number of eld periods

(modulo a sign). So for a perfectly quasihelically-symmetric

equilibriumwith four periods, theonly modespresent areones

where n/ m = 4. A third symmetry, quasipoloidal symmetry,

where only modes with m = 0 are present, is not considered

in thispaper.

Excepting precisely axisymmetric con gurations, it iscon-

jectured that perfect quasisymmetry can only be achieved on

a single ux surface [41], and a metric is needed to describe

the deviation from perfect quasisymmetry. The metric is cal-

culated by rst Fourier decomposing thetwo dimensional ux

surface in Boozer coordinates, and then summing the mag-

netic energy in all non-symmetric modes normalized to the

m = 0, n = 0 mode, which isrepresentativeof thebackground

eld strength. That is,

Qqs(s) =
1

B0,0(s)
m/ n= Cqs

B2
m,n(s)

1/ 2

, (2)

where Cqs represents the target for quasisymmetry, 0 for

quasiaxisymmetry and the number of eld periods for

quasihelical symmetry. Lower values of Qqs indicate better

quasisymmetry.

Figure 5 shows the results of Qqs for quasiaxisymmet-

ric con gurations (left) and quasihelically symmetric con-

gurations (right) as a function of ux surface. There is

clear separation among thequasiaxisymmetric con gurations.

At all s values, the ARIES-CS con guration is the least

quasisymmetric and the Simsopt con guration is the most

quasisymmetric. The story is less clear for the quasiheli-

cal con gurations. The Ku5 con guration is the most qua-

sisymmetric in the core and the least quasisymmetric in the

edge. Overall theWistell-B con guration has thebest average

quasisymmetry.

The second metric, Γc was introduced by Nemov [24]

(equations (36), (50) and (61)) as a measure of the energetic

ion con nement propertiesand is given by,

Γc =
π
√

8
lim

L→∞

L

0

dl

B

− 1 Bmax / Bmin

1

db

×

well j

γ2
c

vτb, j

4Bmin b 2
; γc =

2

π
arctan

vr

vθ
. (3)

Here, vr and vθ are the bounce average radial and poloidal

drifts respectively; v is the particle velocity; τ b is the bounce

timegiven by τ b = dl/ v with v being theparallel velocity

and the integral is taken over a bounce; Bmax and Bmin are the

maximumandminimum eldstrengthona ux surfaceor suit-

ably long eld line; b represents a normalized eld strength,

hereequivalent to |B|/ Bmin, which correspondsto thenormal-

ized magnetic eld strength at thebouncepoints; and L is the

length over which to integrate. The summation is over every

well along a eld line, where the boundaries of the wells are

themselves a function of the integrating variable, b . When

Γc is small, contours of J align with ux surfaces, and the

bounce average radial drift goes to zero. More information

about Γc and its use for stellarator optimization can be found

in [7]. Unlikequasisymmetry, theΓc metric is meaningful for

all stellarator con gurations. All calculations for both Γc and

quasisymmetry were carried out using the ROSE code. Due

to an unresolved dif culty with handling single eld period

equilibria, Γc for the ITER calculation is unavailable for this

paper.
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Vr  - bounce average radial drift 𝜕𝐽/𝜕𝛼
V𝜽 - bounce average poloidal drift 𝜕𝐽/𝜕𝛼

 𝐽 𝑏𝑜𝑢𝑛𝑐𝑒 = 1 −
𝐵

𝑏′
𝑑𝑙 - adiabatic invariant

Calculate 𝐽 at each 

surface and normalized 
magnetic moment b’=1/𝜆 

by bounce averaging

Nemov Γ𝑐 - minimize radial drift of trapped orbits

Many turning points on 

unoptimized stellarators 
make calculation very 

complex

Higher resolution and longer field lines create 

discontinuities between wells leading to noise

Calculation of Γ𝑐 
implemented but noise 

hinders optimization efforts

(R. Coelho, J. Rodrigues)
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EnR Task Specification
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With the following goals

• Create an open-source, user friendly, fully tested particle tracer (WP1, WP2)

• Perform the first direct fast particle optimization of a stellarator (WP3)

• Compare fast particle optimization with commonly used proxies (WP4)

• Extend the optimization to stochastic magnetic fields (WP5)

2022

2023
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WP5 – Fast particle orbits in realistic magnetic fields
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Implementation of particle tracing on DESC (collaboration with PPPL)

• Summer 2023 visit of João Biu to Princeton

• Particle tracing now implemented in DESC

• DESC uses automatic differentiation

• Study of direct particle tracing using automatic differentiation underway

Particle drifting from flux surface ψ 

Starting Equilibrium

Particle confined in flux surface ψ 

Optimized Equilibrium
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WP5 – Fast particle orbits in realistic magnetic fields

Dommaschk potentials (analytical B field in NEAT)
M. Pereira, Undergraduate Thesis (2022/2023)

Poincaré plot of 

Dommaschk magnetic field

Passing particles traced in such a field

Analysis of trapped trajectories in magnetic islands left for future work
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End
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Choose geometry

Choose degrees of freedom

Choose objective function

Optimize
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