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Motivation

Edward L. Moss “Shores of the Polar Sea. A Narrative of the Arctic Expedition of 1875-6"

1Y. GUCLU, F. PATRIZI, M. CAMPOS PINTO | MAY 28, 2024 TENSOR-PRODUCT SPLINES FOR POLAR DOMAINS / NMPP 4



Motivation

-
-
P

> polar domains

> field solvers

> coupling with particles




Motivation

/\\9

polar domains

parametrized with tensor-product splines

field solvers

Poisson, Maxwell, curl-curl ...

coupling with particles
trajectories

structure-preserving coupling




Motivation
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polar domains
parametrized with tensor-product splines
polar singularity

~~ lack of smoothness (and integrability!)

field solvers
Poisson, Maxwell, curl-curl ...
need C° potentials, H(curl) fields

coupling with particles
trajectories

need smoother potentials and fields
structure-preserving coupling

need commuting projections



A word about particles

» Variational particle-field discretization in generic commuting de Rham complexes

grad curl V2 div

Continuous fields _——>> /0 V!

and currents
[ A
l L grad l n curl @ div d_/) Particle-field

coupling

Discrete fields % Vi o VvE
and currents ~— = divy, curly gradh

> Action Principle with discrete Lagrangian Lp(Xn, Xy, VN, An, Al d1)
> gauge-free FEM-PIC scheme with

E, = —grad, ¢p — 0:A,  (in V?)

B, = curl, A, (in V1)

> Hamiltonian structure!: energy stability, discrete Casimirs (Gauss laws ...)

!Kraus-Kormann-Morrison-Sonnendriicker ('17), CP-Kormann-Sonnendriicker ('21)
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“logical” vs “physical” field spaces

Sergio Leone, "Il buono, il brutto, il cattivo” (1966)



“logical” vs “physical” field spaces: the Good, the Bad and the Ugly

grad

WP (c HY(Q)) W} (C H(curl; Q)) e, W2 (C 13(Q))

grad? curl?
WP (7 ¢ HY(Q)) W} (7 ¢ H(curl; Q) ——— W2 (7 C L?(Q))

* Push-forward operators:

{g:o:gg,_)qs’ {?IZEF—)E, 3"2;3»—>A6
— i(% — DF-TE(x _ B(%)
d(x) = (%) E(x) = DF™ E(X) B(x) = 4 DF




“logical” vs “physical” field spaces: the Good, the Bad and the Ugly

grad

WP (c HY(Q)) W} (C H(curl; Q)) e, W2 (C 13(Q))

0 (> ) grad? 15 _ curl? 2 (5 5
WE (.ﬁ_)) ——— W} (7 C H(cur; Q) —— W2 (? ¢ L%(Q))

* Push-forward operators:

{g:o:gg,_)qs’ {ffliéi—)E, F .4
¢(x) = d(%) ¢ (D)




“logical” vs “physical” field spaces: the Good, the Bad and the Ugly

— . rad . —
5 WO (c H(Q)) —2 W (c Hcur: Q) —<
| 90
curl?

grad?
G’L) Wl? (?ﬁ))) — W,
s
E

* Push-forward operators:
2 £ 52

o {?O:gbi—)(f), {?1:EHE,
¢(x) = d(%) # C"(2) | E(x) = DFTE(%) B(x)

_1lg
* with polar map: DF~7 = (Z?:g 15(:2':99) = E,} ¢ L*(Q)!

s




“logical” vs “physical” field spaces: the Good, the Bad and the Ugly

grad

5 WP (C HY(Q))
j 50
"
9 h
[
lF

* Push-forward operators:

0 {5:0;$H¢, {?1:EHE, g
¢(x) = d(%) ¢ ') | E(x) = DF TE(%) B(x)

_1lgj
* with polar map: DF~T = (Z?:g lsCZ':99> = E, (¢ L*(Q)!

(moreover, curl F*E = F2(curl E) 4+ ado) with o= OQW E+(0,0) do)




“logical” vs “physical” field spaces: the Good, the Bad and the Ugly

* Push-forward operators:

{901€$H¢7 {3"1:12-'»—>E, ?223'%?
¢(x) = d(%) ¢ ') | E(x) = DF TE(%) B(x) = dft()gF

_1lgj
* with polar map: DF~T = (Z?:g lsCZ':99> = E, (¢ L*(Q)!

(moreover, curl F*E = F2(curl E) 4+ ado) with o= OQW E+(0,0) do)



“logical” vs “physical” field spaces: the Good, the Bad and the Ugly

grad

WP (c HY(Q)) W} (C H(curl; Q)) e, W2 (C 13(Q))

grad? curl?
WP (7 ¢ HY(Q)) W} (7 ¢ H(curl; Q) ——— W2 (7 C L?(Q))

* Push-forward operators:

. . 2.4
{9:0145}—)(;5, {ffl:Er—)E, Fip= b
x)= (&) ¢ ) | E(x) = DFTE(% G
ox) =30 ¢ ) ER) ® s - 28
* Existing solution: use smooth polar splines (non tensor-product) V¢ ¢ W*




“logical” vs “physical” field spaces: the Good, the Bad and the Ugly

70 10 grad Tl S curl >, 2(0
5 WP (c HY(Q)) W2 (C H(curl; Q)) W2 (c 12(Q))

| | |

0 (7 1 grad? 1 (7 . curl? 2 (7 2
9T—> Wy (7 ¢ HY(Q)) W} (7 ¢ H(curl; Q) ——— W2 (7 C L?(Q))
s
F * Push-forward operators:

Q {g:o:gg,_)(ﬁ’ {ffliéi—)E, 52;3»—>A6

6(x) = d(%) ¢ () | E(x) = DFTE(%) 5x) = ),

* Existing solution: use smooth polar splines (non tensor-product) V¢ ¢ W*
* Here: use tensor-product splines and project to Vic Whst FVE= V!
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Projection-based approach: a different perspective
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Projection-based approach: a different perspective

rad
HY(Q) g > Ho(curl: Q) curl > 12(Q)
ny
ny ny
VP > V1 > V?
grad curl

* Objective #1: commuting de Rham diagram of polar splines



Projection-based approach: a different perspective

rad
HA(Q) g > Ho(curl: Q) curl > 12(Q)
rad £ K
PSS L VS LT S "
\ ne, \ nk, \
VP > V1 > V?
grad curl

* Objective #1: commuting de Rham diagram of polar splines

* Objective #2: work with tensor-product splines




Projection-based approach: a different perspective

rad
HY(Q) g > Ho(curl: Q) curl > 12(Q)

>
\ ﬂ?/ o
pO Vi > Vi
grad curl

wo > Wi > W32
h grad P° h curl P! h

* Objective #1: commuting de Rham diagram of polar splines
* Objective #2: work with tensor-product splines
* ldea: use conforming projections, not conforming bases




Projection-based approach: a different perspective

HL(Q) grad > Ho(curl; )

curl

0 (%% > V]
h grad h curl
wp > W} > W?
" grad P° h curl P! h

* Advantage #1: allows re-use of full tensor-product splines spaces and operators

* Advantage #2: similar treatment of multi-patch domains (broken-FEEC)




Projection-based approach: a different perspective

HL(Q) grad > Ho(curl; )

curl

/ grad £ W/ curl &

e g e PR %
\ ne, 1 \ nk, 2 \
P P
0 VP > V} >
h grad h curl
wp > W} > W?
" grad P° h curl P! h

* Advantage #1: allows re-use of full tensor-product splines spaces and operators

* Advantage #2: similar treatment of multi-patch domains (broken-FEEC)

* /\ design of good conforming projections —




Conforming vs. projection-based (CONGA) approach: Poisson

* Model and conforming discretization:

—Ap=1Ff inQ B
{ ¢=0 ondQ, = Sedp =

with (Sp)abp = Jq VAP . VAQP dx dy the stiffness matrix in the polar spline basis.
* CONGA discretization:
(@l = PO)TM(I - P°) + (P°)TSP®) § = (P°) 7
with & > 0 and

{ MPO, S : the mass and stiffness matrices in the full spline basis.

IPY : the projection matrix onto the polar splines, in the full spline basis.



Conforming vs. projection-based (CONGA) approach: Maxwell

* Model and conforming discretization:

0¢B + curl E =0, . 0:Bp +CLE, =0
%0E —curl B=0, O:MLE, — C/M2B, = 0

with curl and mass matrices in the polar spline basis.

* CONGA discretization:

;B +CPE =0
O:M'E — (CP)TM?B =0

with curl and (regularized) mass matrices in the full spline basis
* Note: A\ the mass matrices because W}, W2 ¢ L2(Q).

We set: B = —— (I — P)T(I - P) + (P") TM‘P!

Nsng
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Characterizing the pre-polar spline spaces

Sandro Botticelli,"Mappa dell’ Inferno” (ca 1490)
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Characterizing the pre-polar spline spaces

s (cosbi\ 5 \2 . ,0,-::,7%1 0<i<ns
F: (9> — E i (sin 0j> Bi(s)Bk(6) with {0 ek
~ i

= 0<j<ng

WP = SP+Po = Span {7\2 = B;(s)B;(9)}

. SPs—1.p ~1,s M;(s)B;(0 ~L0 0
9T_> W, = <Sps<,pal> = Span {A"f - ( (Sz) ! )) Ny = (Bi(s) v ) }
S
iF

W = Span {A = M;(s);(0)}

* Pre-polar spline spaces:

(A now F € (SPs+Pe)2)




Characterizing the pre-polar spline spaces

WP = SPP = Span {7\2 = B;(s)B;(9)}
_ SPs—1.po ~l,s M;(s)B;(0)
Wi} = <Sp54,p91> = Span {Aij ( 0 !

W = Span {A} = M;(s)M;(6)}
* Pre-polar spline spaces: C° sequence

¥

Vi= {E‘ € W} : FE € H(curl; Q)}

VZ={BeW?: P e 2(Q)}
(A now F € (SPs+Pe)2)

F (;) N Z o (:’:%) Bi(s)Be(6) with {

pi = ﬁ 0<i<ns

) = % 0<j<my

N 0 }
o Bi(s)M;(6)




Characterizing the pre-polar spline spaces

. s . COSQJ‘ . ° i Pi ::ﬁ 0§i<n5
F (9> - ;p' (sin0j> Bils)Bi(f) - with {aj =2k 0<j<n
Q o _ :
WI? — SPsiPo — Span {/\2 = B,(S)Bj(e)}
1 spetee) s (Mi(s)B;j(8)\ a10 0
9T_> Wi = <Spsjpal> = Span {Aij - ( 0 ’ ’ Aij B Bi(S)MJ(Q) }
S _ " .
i . W2 = Span {R2 = Mi(s) ¥,(0)}
* Pre-polar spline spaces: C° sequence
Q VR={0eWp:9%c Q) ={d= oA} by =0V}
ij 0
N ~ R ~ El.=0
Vi={EecW}:F'EecHrQ)} ={E= Eid‘/\}'yd : { H s Vi
h { h } % JU EBJ — ES(J+1) _ on
VE={BeW?: 5?8 e 12(Q)} ={B="3_BN;: By =0V}

(A now F € (SPs+Pe)2) ij



Characterizing the pre-polar spline spaces

WP = SPP = Span {7\2 = B;(s)B;(9)}
_ SPs—1.po ~l,s M;(s)B;(0)
Wy = <Sp54,p91> = Span {Aij = ( 0 !

* Pre-polar spline spaces: C! sequence

W2 = Span {/A\,ZJ = Mi(s)M;(0)}

Up={eVy: 5% e C ()}

Ui = {E—' eVl FEc CO(Q)}

(A now F e (SPP)2) | po 52 525 12())

(s N AR . pi =g
F: (9> — Zp, (sin 0j> Bi(s)Bk() with {0' _ 2rk
i

0<i<ng

i o 0§j<n9




Characterizing the pre-polar spline spaces

(s (cosbi\ 5 \2 . j =
r (9> - Zp, (sin 9j> Bils)Bi(0)  with { =
Q| ”
| WP = SPP = Span {7\2 = B;(s)B;(9)}
| _ SPs—1.po 15 M-(s)é-(@)
wl = =Spani{A; = e A
9T_> h <SP5:P91> P { ij ( 0 )
s — ~ o
l,_— Wy = Span {A; = M;(s)M;(0)}
* Pre-polar spline spaces: C! sequence
- N . s =0 | ®oj = boo .
0_ 0. 1 _ wo . )P0
Q Up=1{0€Vs .ffongC ()} {¢€ h '{¢j¢0j:/\1c059j+)\zsin0j VJ}
E=0
Up={EcV}:FEcCAQ)} = EcW;: {E)=E) — E v
) Egj = A1 costj + A2 sin0;
(A now FE(S2F) G- (he vz ote oy -
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Computing the conforming projections

Cimbali, macchina M100 in Firenze (ca 2020)



Determination of the CONGA Projectors

P’ operators on W,f, for £ = 0,1,2, characterized by:



Determination of the CONGA Projectors

P* operators on W,f, for £ =0,1,2, characterized by:
* Range property: Im(P*) C V/
* Projection property: P‘u = u for u € V,f
gradoP? = Plograd on Im(NY,) € WY,
* Commuting property:
curloP! = P2ocurl  on Im(M},) € Wi

grad curl

HY(Q) —————————> Hy(cur; Q) —————————> 12(Q)

% %
curl &

0 1 2 2
) Wy ----- T he T[T 77 Wy n
remind: \ o pl \ it % \
v v
0 VP > v} > V2
P / h grad i / h curl i / h
wp > w} > W32
h grad PO h curl P! h



CONGA Projector P° for the C° sequence

vy = {¢:Z¢UA2‘€ Wy doj = doo W}
ij



CONGA Projector P° for the C° sequence

vy = {¢:Z¢UA2‘ e Wy : ¢o; =
iJ

= Ay e V) fori>1

Projection property: P°p = ¢ for ¢ € Vf? =

$00 Vj}

POAG = A Vi>1




CONGA Projector P° for the C° sequence

vy = {¢:Z¢UA2‘ € Wy : ¢oj = doo Vj}
i

= Ay e V) fori>1

Projection property: P°p = ¢ for ¢ € Vf? = Po/\g- = /\2- Vi>1

Project /\8j to any function in V,?

ngl

Symmetry in j = PO/\SJ- = Z N




CONGA Projector P° for the C! sequence

pe WP, ¢= AT, we set
P%p = A% T (POg) (square matrix)
with PO = E%7S0 SO to be defined.



CONGA Projector P° for the C! sequence

pe WP, ¢= AT, we set
P2 = A% T (P%9) (square matrix)
with PO = E%7S0, SO to be defined. Range property verified for any S
PO = A>T (P%) = AT (E%TS0%) = (N> TE®T)S0% = ST
with ¢ = S%.



CONGA Projector P° for the C! sequence

NS Wf?, & =N"T¢, we set
P2 = A% T (P%9) (square matrix)
with PO = E%7S0, SO to be defined. Range property verified for any S
PO% = A&T(P08) = AT (EOTS0%) = (ASTE®T)S% = §% T
with ¢ = S%p.In order for P° to have the Projection property we look for S° such that

SPE®T =1 (i.e., SO left-inverse E®T).
Thereby, by recalling that V,? > =58%Tp=A%T(E%Ty), we get the Projection property

POQO — AO’T(POEO’T(p) — AO’T(EO’T SOEO’TQD) — AO’T(EO’TQD) — SO’TQD = .
I



CONGA Projector P° for the C! sequence

NS Wf?, & =N"T¢, we set
P2 = A% T (P%9) (square matrix)
with PO = E%7S0, SO to be defined. Range property verified for any S
PO% = NOT(PO%) = A% T (E®TS%) = (ASTE®T)S% = §% T

with ¢ = S%@.In order for P° to have the Projection property we look for S° such that
SPE®T =1 (i.e., SO left-inverse E®T).

Thereby, by recalling that V,? > =58%Tp=A%T(E%Ty), we get the Projection property

POy — AT (BOEOT o) = AO,T(EO,T@;(’D) — AOT(EOTp) = §%Tp — o,
I
Left-inverse of a rectangular matrix not unique.

0 X0 0 0 s 0 . 0 0 .
E* = 0 I = S = o 1l with s = s determined from symmetry arguments



CONGA Projectors P!, P? for the C° sequence

{¢ Zvﬁ /\15+Z¢ Pewp w&:OAwi’j:fﬂSuH)—ijW}



CONGA Projectors P!, P? for the C° sequence

Vh—{¢ Zlbs/\ls-i-ziﬁ e Wt ng:OAwfj:¢8(j+1)_¢Sjvj}

7.]

= /\}j’s for i > 1 and /\}j’e for i > 2 are in V}

Projection property: Pl =1 for ¢ € V} = Pl/\z-’s = /\E-’s Vi>1A Pll\}j’e = /\3-’9 Vi> 2]




CONGA Projectors P!, P? for the C° sequence

Vh—{¢ Zlbs/\ls-i-ziﬁ e Wt ng:OAwfj:¢8(j+1)_¢gjvj}

7.]

= /\}j’s for i > 1 and /\}j’a for i > 2 are in V}

Projection property: Pl =1 for ¢ € V} = Pl/\z-’s = /\E-’s Vi>1A Pll\}j’e = /\3-’9 Vi> 2]

/\(1)}5,/\(1)1’.9,/\}1’.9 ¢ VI BUT ¢; = Ag° + A

1,0
-1~ Ny € Va

1 1,0 1 1,0
= Pl(/\0f+/\1(] y — N )_/\of+/\10 AT



CONGA Projectors P!, P? for the C° sequence

PR = Qo

1pL,0
=<P Al.i —Qlj

PIAG = Agf + A

1,0
1G-1)

— A+ Qi — Quy

with Qoj, Q1; € V! to be determined
by imposing commutation with P2
Remark: Commutation with P? true
for any choice of P!, as long as it
is a projector, as one can show that
ImMY, C VP, so that

grad P°¢ = grad ¢ = P! grad ¢.



CONGA Projectors P!, P? for the C° sequence

PR = Qo

1pL,0
=<P Al.i —Qlj

1, 1, 1,6 1,6

with Qoj, Q1; € V! to be determined
by imposing commutation with P2
Remark: Commutation with P? true
for any choice of P!, as long as it
is a projector, as one can show that
ImMY, C VP, so that

grad P°¢ = grad ¢ = P! grad ¢.

V2= {nzzn,-j/\%;e W2 - noj:ow}
IN]



CONGA Projectors P!, P? for the C° sequence

PR = Qo

1pL,0
=<P Al.i —Qlj

1, 1, 1,6 1,6

with Qoj, Q1; € V! to be determined
by imposing commutation with P2
Remark: Commutation with P? true
for any choice of P!, as long as it
is a projector, as one can show that
ImMY, C VP, so that

grad P°¢ = grad ¢ = P! grad ¢.

V2= {nzzn,-j/\%;e W2 - noj:ow}
IN]

:>/\,2J-EV,%fori21.

Projection property: P2n =1 for ne V2 = |P?A; =A; Vi>1




CONGA Projectors P!, P? for the C° sequence

PR = Qo

1pL,0
=<P Al.i —Qlj

1, 1, 1,6 1,6

with Qoj, Q1; € V! to be determined
by imposing commutation with P2
Remark: Commutation with P? true
for any choice of P!, as long as it
is a projector, as one can show that
ImMY, C VP, so that

grad P°¢ = grad ¢ = P! grad ¢.

V2= {nzzn,-j/\%;e W2 - noj:ow}
IN]

:>/\,2J-EV,%fori21.

Projection property: P2n =1 for ne V2 = |P?A; =A; Vi>1




CONGA Projectors P!, P? for the C° sequence
Proposition: if G; = curl Q1; + Af; then curl P9 = P>curlyp V¢ € ImMly,,.
P = Qu

1,0
Pl/\lj = Qlj
’D2/\(2)j =G
1, 1, 1,0 1,0
= Pl/\ojs = /\Oj5 + A1(j—1) — /\1j + Q1j - 01(,;1)
P2/\3. = /\3. Vi> 1.
PN =NAS Vi>1

PN =N vi>2



CONGA Projectors P!, P? for the C° sequence
Proposition: if G; = curl Q1; + Af; then curl P9 = P>curlyp V¢ € ImMly,,.
PG = Qo

1,0
Pl/\lj = Qlj
’D2/\(2)j =G
1, 1, 1,0 1,0
= Pl/\ojs = /\Oj5 + A1(j—1) — /\1J- + Q1j - 01(,;1)
P2/\3. = /\3. Vi> 1.
PN =NAS Vi>1

PN =N vi>2



CONGA Projectors P!, P? for the C° sequence
Proposition: if G; = curl Q1; + Af; then curl P9 = P>curlyp V¢ € ImMly,,.
PIAG =0

1,0
Pl/\lj = Qlj
’D2/\(2)j =G
1, 1, 1,0 1,0
= Pl/\ojs = /\Oj5 + A1(j—1) — /\1J- + Q1j - 01(,;1)
P2/\3. = /\3. Vi> 1.
PN =NAS Vi>1

PN =N vi>2



CONGA Projectors P!, P? for the C° sequence
Proposition: if G; = curl Q1; + Af; then curl P9 = P>curlyp V¢ € ImMly,,.
PIAG =0

P = Qy
’D2/\(2)j =G
1, 1, 1,0 1,0
= Pl/\ojs = /\Oj5 + A1(j—1) — /\1J- + Q1j - 01(,;1)
P2/\3. = /\3. Vi> 1.
PN =NAS Vi>1

PN =N vi>2



CONGA Projectors P!, P? for the C° sequence

Proposition: if G; = curl Q1; + Af; then curl P9 = P>curlyp V¢ € ImMly,,.

PIAG =0
PN =0

’D2/\(2)j =G
=PI = AT Ay — A+ Qu — Qugy

P2N; = A Vix>1.
PN =N7° Vix1

PN =N vi>2



CONGA Projectors P!, P? for the C° sequence

Proposition: if G; = curl Q1; + Af; then curl P9 = P>curlyp V¢ € ImMly,,.

PIAG =0
PN =0

PN = G;
= (PG = Ao + Ay gy = A Q) — Qua

P?NG =A; Vix>1.
PN =N7° Vix1

PN =N vi>2



CONGA Projectors P!, P? for the C° sequence

Proposition: if G; = curl Q1; + Af; then curl P9 = P>curlyp V¢ € ImMly,,.

PIAG =0
1,0
1al,s Al 1,0 1,0

P2/\3. = /\3. Vi>1.
PN =N Vix1

PN =N vi>2

This choice is convenient as all the projections are local and invariant w.r.t. j.



CONGA Projectors P!, P? for the C! sequence

o; = A1cos b + Aasin6;

()T . s
VI} =q¢Y= Al’T"/J = ( ) : ng =0 with /\1 = (;\\119> S = <¢9>

(AI’G)T’II)B ;
Yy = 1/’8(,41) — g



CONGA Projectors P!, P? for the C! sequence

g; = A1 cos B 4 A2 sin 0

(AI’G)T’II)B

(AI’S)T’lpS s
R T W RRTE R

wf,- = 1/’8(,41) - 1/)(5)1

Initial guess for P! by looking at V,} characterization and local exactness




CONGA Projectors P!, P? for the C! sequence

g; = A1 cos B 4 A2 sin 0
(AI’S)T’lpS

1,s
VEi={y=AVTy = L PG =0 Wi“"‘lz(/\)ﬂﬁ:(

(AI,G)T,II)B ,
wlj = 1/’8(,41) - 1/)(5)1

Initial guess for P! by looking at V,} characterization and local exactness
PNy = grad POA + R;  P*AGY = Qu,
PN = N\j° for i > 1 PN = Qy,

PN = A for i > 2.




CONGA Projectors P!, P? for the C! sequence

g; = A1 cos B 4 A2 sin 0

1,s\T, s
Vi={yp=ATy= ((:w;T:B D Yh=0 with Al = (;\\i9> = (’l’@)
wf,- = 1/’8(,41) - 1/)(5)1
Initial guess for P! by looking at V,} characterization and local exactness
~v=1inP°

PNy = grad POA + R;  P*AGY = Qu,

1,5
. Qij-1) — Qi =A;; —R;
1 1 . 1.0 commuting property J
PN =N;" fori>1 PN = Qy, ——————
ij ] -J projection property
ng—1 ng—1

PIALY = ALY for i > 2. SR=> A
j=0 j=0




CONGA Projectors P!, P? for the C! sequence

g; = A1 cos B 4 A2 sin 0

1,s\T, s
Vi={yp=ATy= ((:w;T:B D Yh=0 with Al = (;\\i9> = (’l’@)
wf,- = 1/’8(,41) - 1/)(5)1
Initial guess for P! by looking at V,} characterization and local exactness
~v=1inP°

PNy = grad POA + R;  P*AGY = Qu,

1,5
. Qij-1) — Qi =A;; —R;
1 1 . 1.0 commuting property J
PN =N;" fori>1 PN = Qy, ——————
ij ] -J projection property
ng—1 ng—1

PIALY = ALY for i > 2. SR=> A
j=0 j=0




CONGA Projectors P!, P? for the C! sequence

V,? ={n= A2’Tn . moj = 0}



CONGA Projectors P!, P? for the C! sequence

V,? ={n= A2’Tn . moj = 0}




CONGA Projectors P!, P? for the C! sequence

Vh2 = {n:Az’Tn : 770_,' :0}

j = 1,
Pz/\g . { 0 i=0 commuting property Ql(]*l) - Qy= Aljs —R;
= - =

NP1

ij ng—1 ng—1

Z R = Z A
j=0

j=0




CONGA Projectors P!, P? for the C! sequence

Vh2 = {n:Az’Tn : 770_,' :0}

P2A,2J- = { S commuting property Q-1 —Qu=A} R = P! global @
A2 i>1

ij ng—1 ng—1

Z R = Z A
j=0

j=0




CONGA Projectors P!, P? for the C! sequence

Vh2 = {n:Az’Tn : 770_,' :0}

P2A,2J- = { - commuting property | @uG-1) — Qu = A = R; — P! global @

/\3 i 2 1 ng—1 ng—1
1,s
SLEDWY
j=0 j=0

A =0
P2\2 = v
N i>1



CONGA Projectors P!, P? for the C! sequence

Vh2 = {n:Az’Tn : ?70_,' :0}

PZA,?J' _ { 0 i=0 commuting property Qij—1) — @y = AL"S —R; - Pl global @
NP1

ij = ng—1 ng—1

Z R = Z A
j=0 j=0

_ 1,s
curl Rj = curl A

A2 i=0
P72 — { e commuting property Q-1 — Qu = /\L’-S - R;
Py — %
2 .
N i>1 ng—1 ng—1

Z R = Z A
j=0 j=0




CONGA Projectors P!, P? for the C! sequence

P2A% = °
o A2

U)

2
P2/\2 = { Alj

2
Aj

Vh2 = {?7:/\2’7—’)7 : ?70_,' :0}

commuting property
%

commuting property
%

Qi) — Qi =A” — R,
- ! Y T pt global

ng—1 ng—1

R 1,s
2 Ri=D A
=0 =0

_ 1,s
curl Rj = curl A

=01 =AY —R;
Quj-n) — Q 1 7 = Pl ocal @

ng—1 ng—1

EE:I?-::EE: A
j=0 j=0




CONGA Projectors P!, P? for the C! sequence

We still have to determine P! ...
Projector P?
PIAGS = grad POAY; + R, PIAGY = Quj,
PN =N fori>1 P = Qy,

Pl/\}jﬁ - /\3.’9 for i > 2.

Constraints
curl R; = curl AY®
= 1j

Qij—1) — Q1 = /\L’-s - R;

ng—1 ng—1

> Ri=3 A
j=0 j=0
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We still have to determine P! ...
Projector P?
PIAGS = grad POAY;, + Ry PIAGY = Quj,
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CONGA Projectors P!, P? for the C! sequence

We still have to determine P! ...
Projector P?
PIAGS = grad POAY; + Ry PIAGY =0,
PN =N fori>1 P = Qy,

Pl/\}jﬁ - /\3.’9 for i > 2.

Constraints
curl R; = curl AY®
= 1j

Qij—1) — Q1 = /\L’-s - R;

ng—1 ng—1

> Ri=3 A
j=0 j=0




CONGA Projectors P!, P? for the C! sequence

We still have to determine P! ...
Projector P?
PIAGS = grad POAY; + Ry PIAGY =0,
PN =N fori>1 P = Qy,

Pl/\}jﬁ - /\3.’9 for i > 2.

Constraints
curl R; = curl AY®
= 1j

Qij—1) — Q1 = /\L’-s - R;

ng—1 ng—1

> Ri=3 A
j=0 j=0




CONGA Projectors P!, P? for the C! sequence

We still have to determine P! ...
Projector P?
PIAGS = grad POAY; + R, PIAGY =0,
PN =N fori>1 P =0,

Pl/\}ﬁ - /\}/9 for i > 2.

Constraints
curl R; = curl AY*
j = 1j

Ql(j—l) - Qj = AL"S —R;

ng—1 ng—1

> Ri=3 A
j=0 j=0




CONGA Projectors P!, P? for the C! sequence

We still have to determine P! ...

Projector P! Constraints

curl R = curl AL*
IpLs _ 00 1pL0 _ J L
P Aojs =grad P°Aj; + R; P Ay =0,

Qy Qi = /\
PN =N fori>1 P =0, U R

ng—1 ng—1

PN = NG for i > 2. S R=> AP

— R,




CONGA Projectors P!, P? for the C! sequence

We still have to determine P! ...
Projector P?
PIAGS = grad POAY; + Ry PIAGY =0,
PN =Np°fori>1 P =0,

Pl/\}j"’ - /\3.’9 for i > 2.

Constraints
curl R; = curl AY®
= 1j
_ aLs .
0 = Alj —R;

ng—1 ng—1

> Ri=3 A
j=0 j=0




CONGA Projectors P!, P? for the C! sequence

We still have to determine P! ...
Projector P?
PIAGS = grad POAY; + R, PIAGY =0,
PN =Np°fori>1 P =0,

Pl/\}jﬁ - /\3.’9 for i > 2.

Constraints
curl R; = curl AY®
= 1j
_als )
0 = Alj — R,

ng—1 ng—1

> Ri=3 A
j=0 j=0




CONGA Projectors P!, P? for the C! sequence

We still have to determine P! ...

Projector P?

PIAGS = grad POAY; + A}?

Pl/\}j’s = /\i fori>1

Pl/\}jﬁ - /\3:9 for i > 2.

1,0
PNy =0,
PIA =0,

Constraints
curl R; = curl ALS
G = 1j
R 175 .
0 = Alj —R;

ng—1 ng—1

> Ri= 3 A
j=0 j=0




C° CONGA Projectors: Matrix Form

PO, P, P? sparse matrices

with the following structure:
) 0
1
ml| 0
0 0
0 1 0 2 )
PY = 0 I Pt = 0 0 0 Ps = ,
d 0
0 0 0 )
-1 1
where d = o and 1 is the matrix full of 1's  (both of size ng x ng)



C! CONGA Projectors: Matrix Form

PO, P, P? sparse matrices

with the following structure: p 0
I-p 0
1 )
al| 0 0
0 0 0
1
| P 0
PO — Pl — 0 0 0 p2—| I
4 1
0 ) p 0
0 0 0 I

where p is a Toeplitz matrix with p, , = n%) cos(fy — Oy) for £,k =0,...,ng — 1



QOutline

Numerical validation in Psydac
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Numerical validation in Psydac

Leonardo da Vinci, prototype design (ca 1490)
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Reminder: CONGA (projection-based) Poisson solver

* Model and conforming discretization:

—Ap=1Ff inQ B
{ ¢=0 ondQ, = Sedp =

with (Sp)abp = Jq VAP . VAQP dx dy the stiffness matrix in the polar spline basis.
* CONGA discretization:
(@l = PO)TM(I - P°) + (P°)TSP®) § = (P°) 7
with & > 0 and

{ MPO, S : the mass and stiffness matrices in the full spline basis.

IPY : the projection matrix onto the polar splines, in the full spline basis.



Reminder: CONGA (projection-based) Maxwell solver

* Model and conforming discretization:

0¢B + curl E =0, . 0:Bp +CLE, =0
%0E —curl B=0, O:MLE, — C/M2B, = 0

with curl and mass matrices in the polar spline basis.

* CONGA discretization:

;B +CPE =0
O:M'E — (CP)TM?B =0

with curl and (regularized) mass matrices in the full spline basis
* Note: A\ the mass matrices because W}, W2 ¢ L2(Q).

We set: B = —— (I — P)T(I - P) + (P") TM‘P!

Nsng




Poisson Problem on a Polar Domain

Homogeneous Poisson problem:

~Ap=f Q
6=0 09

¢ manufactured solution shown on the left.




Poisson Problem on a Polar Domain

Homogeneous Poisson problem:

~Ap=f Q
6=0 09

¢ manufactured solution shown on the left.

Discretization with degree ps, p’ = 2,3, 4




Poisson Problem on a Polar Domain

Homogeneous Poisson problem:

{—A¢:f 9)

=0 00

l ‘ ¢ manufactured solution shown on the left.
'i!' \ | 0.25 Discretization with degree ps, p’ = 2,3, 4
P wo
‘ “ ‘l 10 Same (optimal)
a N\ D H o order of the
f ‘ J o _ conforming
s — 1: ."'M»"“n.\g\n (polar)
i] discretization
©*{ error in L2-norm e

10!



Poisson Problem on a Polar Domain

Homogeneous Poisson problem:

~Ap=f Q
6=0 09

¢ manufactured solution shown on the left.

7
<

Discretization with degree ps, p’ = 2,3, 4

&

Same (optimal)
order of the
conforming

(polar)
discretization

S

error in H'-norm g

10! 102




Maxwell Problem on a Polar Domain

TD Maxwell problem:

201 016 {(%B +curl E =0,
1
15 R o = 0E —curl B=0,
R C
" E,. ** E,B: Fourier-Bessel eigenmode, shown on the left.
TR '
-7/‘_ —0.06
—05 ‘v' "“\ -0
yn”
-1.04 ‘ —% e
X \ ’
-154 Q !/ o
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Maxwell Problem on a Polar Domain

TD Maxwell problem:

018 6tB + curl E = 0,
glzatE —curl B=0,

E, B : Fourier-Bessel eigenmode, shown on the left.

... Discretization with degree p®,p’ = 2,3,4

-0.24

—0.30

-20
-20 -15 -10 -05 X 0.5 1.0 15 2.0
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Maxwell Problem on a Polar Domain

TD Maxwell problem:

“1 0.18 ('3tB + CUI’I E = 0,
E\\ o2 glzatE —curl B=0,
E" “* E,B: Fourier-Bessel eigenmode, shown on the left.
\\7 R o .
.“s‘u ... Discretization with degree p*, p? = 2,3, 4
b
e’ L T Gconen
" o1 N
-1.04 -’ .
-154 !/ o
o R LTl Optimal order
-2.0 -1.5 —-1.0 —0.5 0.0 . | 15 2.0 10-5 4 \“..‘-."." .“§~_3 Of Co nve rge n ce
. Ty_s | s observed
*"1 error in L2-norm g

10t 102
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Maxwell Problem on a Polar Domain

Cuts along 6 = 0 (with C° vs.

1Y. GUCLU, F

PATRIZI

M. CAMPOS

PINTO |

MAY 28

—0.06

-0.12

-0.18

-0.24

-0.30

C? projections)

2 field Ey along s for theta=0.0 and 3.141592653589793, at T

— Eh
—— Ey_ref

— Ey_h (left)
—— Ey_ref (left)

TENSOR-P

field Ey along s for theta=0.0 and 3.141592653589793, at T

0.20
015
010
0.05
0.00
—0.05
— &
—— Ey_ref
-0.10
— Ey_h(left)
— Ey_ref (left)
-0.15
-20 -15 -1.0 -05 0.0 05 10 15 2.0
s
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Summary
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Summary
* Poisson equation: (a(I —P%)TMO°(I — P?) + (P%)TSP?%) ¢ = (PO)Tf
* Maxwell equations: 9;B + CP'E =0, 9;M'E — (CP*)"M?B =0
* C, S: usual curl and stiffness matrices, M?, M, M?: (regularized) mass matrices

* projection matrices:

P 0
I—p 0
1 1
wl| 0 0
0 0 0
ik .
PO — Pl = 0 0 0 p2—| 1
. 1
0 1 dp 0
0 0 0 1

-1 1
with d:l ] ) ],llg,kzland pgvk:,12—9cos(9479k)f0r0§€,k<n9
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