
Full-f drift-kinetic plus δ-f gyrokinetic
turbulent simulations of a linear plasma

device

June 20, 2025

Multi-scale gyrokinetic theory

J. E. Mencke, P. Ricci

Ecole Polytechnique Fédérale de Lausanne (EPFL), Swiss Plasma

Center (SPC), Lausanne, Switzerland

This work has been carried out within the framework of the EUROfusion Consortium and has received funding 
from the Euratom research and training programme 2014-2018 and 2019-2020 under grant agreement No 633053. 

The views and opinions expressed herein do not necessarily reflect those of the European Commission.



2/ 27Gyrokinetic and drift-kinetic model

Splitting of fields

ϕ = ϕDK + ϕGk ,

ϕDK ∼ eTe , ϕGK ∼ ϵδϕDK ,

ϵ⊥ ∼ ρs |∇⊥ lnϕDK | < 1,
ρs |∇⊥ lnϕGK | ∼ 1,
Fa ∼ FaDK + FaGK

DK: drift-kinetic ordering
(long-wavelength limit)
GK: gyrokinetic ordering
(δ-f GK)

Expectations...
Both perturbations
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3/ 27Intermezzo
Notation and ordering

Velocity integral:

∥f ∥ =

∫ ∞

−∞
dv∥

∫ ∞

0
dµ

∫ 2π

0
dθ

B

ma
f

Gyro-average:

⟨f ⟩R =
1
2π

∫ 2π

0
dθf = J0

(
v⊥k⊥
Ωa

)
f

Adjoint gyro-average:

∥⟨f ⟩R g∥ =
∥∥∥f ⟨g⟩†x∥∥∥ , ⟨f ⟩R = ⟨f ⟩†x

f̃ = f − ⟨f ⟩R

For DK variables (e.g. Ni ),

Ni ∼ N0, Ni1 ∼ ϵ2⊥N0,

Characteristic frequency

ω ∼ ϵϵ⊥Ωi

Parallel wavenumber

k∥ ∼ ϵk⊥

Ion-ion collision frequency

νii ∼ ϵνΩi
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4/ 27Approach

Starting from single-particle one-form, deriving Euler-Lagrange
equation to find Ṙ, v̇ , and ϕDK , ϕGK

Variation with ϕGK , require validity for all ϵ⊥, ϵδ

ϵ0⊥ϵ
0
δ : Ni − Ne = 0

ϵ2⊥ϵ
0
δ : Ne1 − Ni1 =

1
BΩi

Ni∇2
⊥ϕDK +

1
2miΩ2

i

∇2
⊥P⊥i ,

ϵ0⊥ϵ
1
δ : δϱ∗i − δNe = −qi

B

∥∥∥∂µ ⟨⟨ϕGK ⟩R⟩
†
x

∥∥∥ ,

ϱ∗iGK = ∥⟨FiGK ⟩R /FiGK∥iGK

(Variation with ϕDK gives long-wavelength (for k⊥GK ) limit)
Equation for distribution function through Boltzmann equation
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5/ 27Expansion
Hermite-Laguerre polynomial basis

FaDK

(
v∥, µ,R, t

)
=

(P,J)∑
(p,j)=(0,0)

N pj
aDK (R, t)Hpj

(
sa∥, xa

)
FMi

(
sa∥, xa

)
,

FiGK
(
v∥, µ,R, t

)
=

(P,J)∑
(p,j)=(0,0)

N pj
GK (R, t)Hpj

(
sa∥, xa

)
FMi

(
sa∥, xa

)
,

Hpj
(
sa∥, xa

)
=

Hp

(
sa∥

)
Lj (xa)√

2pp!
, s∥ =

v∥ − U∥a (R, t)

vTha0
,

xi =
µB

Ta0
,

∫
dvHpjHklFMi = δpk δ

j
l ,

NaDK = N 00
aDK , N 10

aDK = 0, ∥f ∥pj =
∥∥Hpj f

∥∥
Higher collisions, fewer moments!
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6/ 27Ordering
Boltzmann equation projection

∂t (FaDK + FaGK ) = ...

We define a small scale average

⟨gaDK ⟩SC = gaDK , ⟨FaGK ⟩SC = 0,
⟨∇⊥ ⟨ϕGK ⟩R⟩SC = ∇⊥ϕGK ,

〈
∇∥ ⟨ϕGK ⟩R

〉
SC

= 0,

Only a small-scale perpendicular electric field affects the large-scale
dynamics
Removes gyroaverage to satisfy the DK quasi neutrality ∇ · J = 0
Separate Boltzmann equation:

⟨∂tFa⟩SC = ∂tFaDK , ∂tFa − ⟨∂tFa⟩SC = ∂tFaGK
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7/ 27DK vorticity equations
Electrostatic limit, constant magnetic field

∂tΩ = ∇∥

(
J∥+

1
2miΩ2

i

P⊥iDK∇2
⊥U∥i

)
+

1
BΩi

∇⊥SN · ∇⊥ϕDK

−∇⊥ ·
(
∇∥

(
NiDKωU∥i

)
+

1
B

[ϕDK + ϕGK ,NiDKω]

)
+

1
2miΩ2

i

[
∇2

⊥ϕGK ,P⊥iDK

]
− 1

ΩiB2 [NiDK∇⊥ϕGK ,∇⊥ϕDK ].

ω =
1

BΩi
∇⊥ϕDK +

1
miΩ2

i NiDK
∇⊥P⊥iDK , Ω = ∇ · (Niω) ,

J∥ = NeDK

(
U∥i1 − U∥e1

)
,

Constraints

NiDK = NeDK +O
(
NeDK ϵ

2
⊥
)
, ∇∥U∥i = ∇∥U∥e +O

(
∇∥U∥eϵ

2
⊥
)
,
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8/ 27DK vorticity equations
Electrostatic limit, constant magnetic field

NiDK = NeDK +O
(
NeDK ϵ

2
⊥
)
, ∇∥U∥i = ∇∥U∥e +O

(
∇∥U∥eϵ

2
⊥
)
,

Impose

U∥i = U∥e ,

Total momentum equation (lowest ϵ2⊥ order)

miNe∂tU∥i +meNe∂tU∥e = ...

J∥ is evolved as dynamical field, imposes (truncation)

e

me
NeDK∇∥ϕDK − 1

me
∇∥P∥eDK +

1
mi

∇∥P∥iDK = O
(
NeDK∂tU∥eϵ

2
⊥
)

Parallel acceleration balance for retaining quasi neutrality
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9/ 27Complete model

DK electron Drift-reduced Braginskii (critical balance)

∂tN pj
iDK +∇∥

∥∥v∥∥∥pj

iDK
+

√
2p

∥∥s∥i∥∥p−1j
iDK

∇∥U∥ +
1
B

[
ϕDK + ϕGK ,N pj

iDK

]
−

√
2pN p−1j

iDK

NeDK

1
mivThi

∇∥P∥iDK = C pj
iDK + Spj

iDK ,

ϕDK evaluated through Ω evolved with J∥ as dynamical fields
For νii ≫ ω and ϕGK = 0, Drift-reduced Braginskii is recovered
Blue: parallel advection, acceleration, Landau damping
Red: E × B-like terms
Orange: collision and sources
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10/ 27Complete model

∂

∂t
N pj

iGK +

√
2p
vThi

∥∥∥Ṙ∥∥∥p−1j

iDK1
· ∇U∥ +∇ ·

∥∥∥Ṙ∥∥∥pj
iDK1

−

√
2p
vThi

∥∥v̇∥∥∥p−1j
iDK1

+

√
2p
vThi

N p−1j
iGK

∂

∂t
U∥ +

√
2p
vThi

∥∥∥Ṙ∥∥∥p−1j

iGK
· ∇U∥ +∇ ·

∥∥∥Ṙ∥∥∥pj
iGK

−

√
2p
vThi

∥∥v̇∥∥∥p−1j
iGK

= Cpj
iGK + Spj

iGK ,∥∥∥Ṙ∥∥∥pj
iDK1

· ∇U∥ =
1
B

∥∥b ×∇
(
⟨ψ⟩R − ⟨ϕGK ⟩R

)∥∥pj
iDK

· ∇U∥ +
1
B

∥∥∥b ×∇
〈
ϕ̃GK

〉
R

∥∥∥pj
iDK

· ∇U∥,

∇ ·
∥∥∥Ṙ∥∥∥pj

iDK1
=

1
B
∇ ·

∥∥b ×∇
(
⟨ψ⟩R − ⟨ϕGK ⟩R

)∥∥pj
iDK

+
1
B
∇ ·

∥∥∥b ×∇
〈
ϕ̃GK

〉
R

∥∥∥pj
iDK

,∥∥v̇∥∥∥pjiDK1 +
∥∥v̇∥∥∥pjiGK = −

qi

mi

(∥∥∇∥ ⟨ϕGK ⟩R
∥∥pj
iDK

+N pj
iGK∇∥ϕDK

)
,

∇ ·
∥∥∥Ṙ∥∥∥pj

iGK
= ∇∥

∥∥v∥∥∥pjiGK +
1
B

[
ϕDK ,N pj

iGK

]
+

1
B
∇ ·

∥∥b ×∇⟨ϕGK ⟩R
∥∥pj
iGK

,

⟨ψ⟩R = ⟨ϕGK ⟩R +
q2
a

2maΩa
∂µ

(
⟨ϕGK ⟩2R −

〈
ϕ2
GK

〉
R

)
+

qa

2maΩ2
a

〈(
b ×∇ϕ̃GK

)
· ∇ϕ̃GK

〉
R
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11/ 27Complete model

Adiabatic GK electron response

FeGK =
eϕGK

TeDK
FeDK ,

ϱ∗iGK − eϕGK

TeDK
NeDK = −qi

B

∥∥∥∂µ ⟨⟨ϕGK ⟩R⟩
†
x

∥∥∥
iDK

ϱ∗iGK = ∥⟨FiGK ⟩R /FiGK∥iGK

For FaDK (R, v , t) = FMa (R, v), and ϕDK = 0, δ-f GK is recovered
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12/ 27Numerical implementation

DK fields

▶ At max 2. order
derivatives

▶ Finite differences for
∇∥ works

▶ Invert
∇⊥ · (NeDK∇⊥)
Poisson operator

▶ Arakawa scheme for
[·, ·]

▶ Finite differences in
perpendicular plane

GK fields

▶ Higher order ⊥
derivatives

▶ Finite differences for
∇∥ works

▶ Invert∑
j N

0j
iDKk

2(j+1)
⊥GK

Poisson operator
▶ ⟨·⟩R = J0 (v⊥k⊥/Ωi ) ·

in Fourier
▶ Fourier in

perpendicular plane
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13/ 27DK fields
Snapshots

With GK fields on
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14/ 27DK fields
Snapshots

Without GK fields
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15/ 27DK fields
Snapshots

With GK fields on
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16/ 27DK fields
Animations
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17/ 27DK fields
Animations
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18/ 27DK fields
Animations
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19/ 27DK fields
Power spectrum

Ω =
∑

m,ω Ω̂e
i(mϑ−ωt) at r =

√
x2 + y2 = 20ρs0
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20/ 27DK fields
Power spectrum

Ω =
∑

m,ω Ω̂e
i(mϑ+kzz) at r =

√
x2 + y2 = 20ρs0
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21/ 27GK fields
Animations

J. E. Mencke, SPC, Multi-scale gyrokinetic theory, June 20, 2025

Full-f drift-kinetic plus δ-f gyrokinetic turbulent simulations of a linear plasma device This work has been carried out within the framework of the EUROfusion Consortium and has received funding 
from the Euratom research and training programme 2014-2018 and 2019-2020 under grant agreement No 633053. 

The views and opinions expressed herein do not necessarily reflect those of the European Commission.



22/ 27GK Fourier

0

1

2

3
k y
ρ s

0

0

1

2

3

k y
ρ s

0

−2

0

2

k x
ρ s

0
−2.5 0.0 2.5

kxρs0

0

1

2

3

k y
ρ s

0

0 20
z/R

0

1

2

3
k y
ρ s

0

0 20
z/R

−2

0

2

k x
ρ s

0

−0.01

0.00

0.01

0.02

0.03

Re
ϕ G

k

−0.01

0.00

0.01

Im
ϕ G

k

J. E. Mencke, SPC, Multi-scale gyrokinetic theory, June 20, 2025

Full-f drift-kinetic plus δ-f gyrokinetic turbulent simulations of a linear plasma device This work has been carried out within the framework of the EUROfusion Consortium and has received funding 
from the Euratom research and training programme 2014-2018 and 2019-2020 under grant agreement No 633053. 

The views and opinions expressed herein do not necessarily reflect those of the European Commission.



23/ 27Linear model
1D radial

Full DK GK
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▶ DK: KH modes dominate
▶ Full: amplified KH
▶ GK: ∥∂z ⟨ϕGK ⟩R∥

pj modes
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24/ 27Conclusion

▶ GK fields cause slight
increase in high ρsk⊥
modes

▶ High νii diminishes
GK effect
CiiGK ∼ µk2

⊥FiGK
▶ Go to tokamak

geometry (large apect
ratio, Bϕ ≫ Bθ)

ρsk⊥

νi/ω

1

1

increasing
GK fields

More GMs

DRB

δ-f GK
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25/ 27Questions?
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